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Abstract The Leland strategy of approximate hedging of the call-option un-
der proportional transaction costs prescribes to use, at equidistant instants
of portfolio revisions, the classical Black—Scholes formula but with a suitably
enlarged volatility. An appropriate mathematical framework is a scheme of
series, i.e. a sequence of models M,, with the transaction costs coefficients &,
depending on n, the number of the revision intervals. The enlarged volatility
On, in general, also depends on n. Lott investigated in detail the particular
case where the transaction costs coefficients decrease as n~'/? and where the
Leland formula yields &, not depending on n. He proved that the terminal
value of the portfolio converges in probability to the pay-off g(St) where
G(z) = (x — K)T. In the present note we consider the case of much more
general convex piecewise smooth pay-off functions G. We show that the con-
vergence holds also in L? and find the first order term of asymptotics for the
mean square error. We are working in the setting with non-uniform revision
intervals and establish the asymptotic expansion when the revision dates are
t? = g(i/n) where the strictly increasing scale function g : [0,1] — [0, 1] and
its inverse f are continuous with their first and second derivatives on the
whole interval or g(t) =1 — (1 —t)%, B> 1.
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1 Introduction

1. Formulation of the main result. To fix the notation we consider the
classical Black—Scholes model, already under the martingale measure and
with the maturity 7' = 1. So, let S = (S;), t € [0, 1], be a geometric Brownian
motion given by the formula

St — Soeon,—%azt
and satisfying the linear equation
dSt = O'Stth

with a standard Wiener process W and a strictly positive constants Sy, o
The problem is to hedge an option with the pay-off G(S1) where G is a
continuous (or even Borel) function of polynomial growth. Its solution is the
following. Let

C(t,z) = EG(ze™VI~t=3°0-0y  t £0,1], 2 >0,
where & ~ N(0,1). Then C(t,z) = C(t,z,0) is the solution, in the domain
[0,1]x]0, 0x[, of the Cauchy problem
1
Ci(t,x) + 5 202Cp(t, ) = 0, C(1,z) = G(z). (1.1)

In the particular case, where G(z) = (z — K)*, K > 0, the function
C(t,x) admits an explicit expression and this is the famous Black—Scholes
formulas:

O(t,z) = C(t,x,0) = 2d(d) — K&(d — o1 —1), t<l1, (1.2)

where @ is the Gaussian distribution function with the density ¢,

d=d(t,z) = d(t,z,0) = ﬁ + 10\/1 (1.3)

Define the process
t
Vi = C(0,5)) +/ Cyr(u, Sy)dS,. (1.4)
0

In the Ito formula for C(t,S;) the integral over dt vanishes and, therefore,
Vi = C(t,S) for all t € [0,1]. In particular, V; = G(S1): at maturity the
value process V replicates the terminal pay-off of the option.

Modelling assumptions of the above formulation are, between others: fric-
tionless market and continuous trading. The latter is a purely theoretical



invention. Practically, an investor revises the portfolio at certain dates ¢; and
keeps Cy(t;,St;) units of the stock until the next revision date ¢;;. The
model becomes more realistic if the transactions are charged proportionally
to their volume. The portfolio strategy suggested by Leland [6] for asymptotic
hedging of the call option generates the value process

t n
Vi = C(0,Sy) +/ S CHP Ly g(w)dSy =Y knSy |H — Hp' |, (1.5)
0 =1 ti<t
where H}' = Cu(ti, Si.), t; = i/n, the positive parameter k, = kon~/? is
the transaction costs coefficient, and C(¢,x) is the solution of (1.1) with o
replaced by ¢ > 0 such that

0% = 0% + oko/8/T. (1.6)

That is é(t, x) = C(t,z,0) and for such a strategy there is no need in a new
software: traders can use their old one, changing only one input parameter,
the volatility.

In his paper Leland studied the call option and claimed, without providing
arguments, that V;* converges to Vi = (S; — K)™ in probability as n — oo.
This assertion was proven by Lott in his thesis [8] and we believe that the
result could be referred to as the Leland—Lott theorem. In fact, V;* converges
also in L? and the following statement gives the rate of convergence:

Theorem 1.1 The mean square approzimation error of the Leland—Lott strat-
eqy for hedging the Furopean call option with equidistant revision dates has
the following asymptotics:

E(V—=V)?’=Amn " +o(n"), n-—oo, (1.7)
where the coefficient

1 4
. 2 2
A1:/ 24’0—3[{50\/7‘}’]{80'2 (1)
0 s ™

with Ay = ESAC2 (t,S,). Explicitly,

1 K? o d (InS2 — 102t — 152(1 — 1))’
)

Aydt (1.8)

T 2moy1 - 1y/20% + 02(1 — ¢ 202+ 52(1 — t)
(1.9)

Following [3] we consider a slightly more general hedging strategy with a
non-uniform revision grid defined by a smooth transformation of the uniform
one.

Let f be a strictly increasing differentiable function on [0,1] such that
f(0) =0, f(1) =1 and let g :== f~! denote its inverse. For each fixed n we
define the revision dates t; = ¢! = g(i/n), 1,...,n. The enlarged volatility
now depends on t and is given by the formula

62 = 0% + ako/8/m\/ f!(1). (1.10)



The pricing function

a(t,x)zE(megp”%p? - K)T, tel0,1], z >0,

1
ptzz/ o2ds
t

admits the explicit expression

where

C(t,x) = 20(p; ' n(x/K) + py/2) = KO(p; ' In(a/K) — py/2),  t<1.

The function p; decreases from pg to 0. The following bounds are obvious:

(1 —1) < p} < o(1—t) + oko/8/m(1 = 1)/7(1 = f(t)"/>.

Assumption 1: g, f € C%([0,1]).
Assumption 2: g(t) =1— (1 —t)?, 3> 1.

Note that in the second case where f(t) = 1 — (1 —t)'/# the derivative f’
for B > 1 explodes at the maturity date and so does the enlarged volatility.

The notation C2([0,1]) is used for the function which are continuous with
their two derivatives on the closed interval [0, 1].

Theorem 1.2 Under any of the above assumptions the mean square approz-
imation error for hedging the European call option has the following asymp-
totics:

E(V{ —=Vi)? = Ai(f)n " +o(n™t), n — 00, (1.11)

where the coefficient

wn= [ |5 e (1)

with Ay = ES?@gm(t, St). Explicitly,

1 K? InSo — g2 — 1,22
A exp{—( 30— 500) . (1.13)

21y /202t + p? 202t + p?

The case f(t) = t corresponds to the model with the uniform grid and
Ar = Au(f).

We formulated Theorems 1.1 and 1.3 for convenience of references. The
main result of this note is more general. It covers not only models with non-
uniform grids but also models with pay-off functions satisfying the following

Audt,  (1.12)

Assumption 3: G : Ry — R is a convex function such that G|;, € C*(I;),
where the intervals I; := [K;_1,Kj], j = 1,..., N, In+1 = [Kn,00] with
0=Ky< K; <..< Ky <oo,and G'(z) < k(1 + 2™) for some constants
m, M > 0.



The pricing function
C(t,z) = EG(xegﬂt*%pf), te0,1], = >0, (1.14)

solves the Cauchy problem

~ ~

1 ~
Cy(t,x) + 533:620301(15735) =0, C(1,z) = G(x). (1.15)

Theorem 1.3 Suppose that for the scale function one of the Assumptions 1
or 2 is fulfilled and the pay-off function satisfies Assumption 3. Then

BV =Vi)2 = A (f)n ' +o(n™h), n — 0o, (1.16)
where Ay (f) is given by the formula (1.12) with Ay = ESfégx(t,St).

The above result makes plausible the conjecture that the normalized dif-
ference n'/2(V{* — Vi) converges in law. Indeed, this is the case, see [4].

2. A point on the Grannan—Swindle paper. The Leland method
based on the Black—Scholes formula is amongst a few practical recipes how to
price options under transaction costs. It has an advantage to rely upon well-
known and well-understood formulae from the theory of frictionless markets.
The method gave rise to a variety of other schemes. Of course, the precision
of the resulting approximate hedging is an important issue, see [5], [2], [9],
[11] and a survey [12] for related development.

The idea to parameterize the non-uniform grids by increasing functions
and consider the family of strategies with the enlarged volatilities given by
(1.10) is due to Grannan and Swindle, [3]. The mentioned paper claims that
the asymptotics (1.16) holds for a general option with the pay-off of the
form G(S1). In such a case the function C(t,z) is the solution of the Cauchy
problem

-~

Ci(t, x) + %a,?x?ém(m) =0, C(1,z) = G(x).

To our opinion, the formulations and arguments given in [3] are not satisfac-
tory. In particular, the hypothesis that for any nonnegative integers m,n, p

~ OOt x
Cllmnp = sup [m grrott @)
[0,1]

x>0, te

ox™otpP

is not fulfilled for the call-option with G(z) = (x— K)* (even for the uniform

grid): explicit formulae show that derivatives of C(¢,x) have singularities at
the point (1, K). So, the mathematical results of the original paper [3] do
not cover practically interesting cases. Nevertheless, the formula for A;(f) is
used in numerical analysis of the approximate hedging error of call-options.
Note also that the authors of [3] do not care about the eventual divergence
of the integral (1.12) due to singularities of 1/f’ which are not excluded
by their assumptions. Neglecting the singularities may lead to an erroneous
answer (recall the unfortunate error in Leland’s paper corrected in [5] and
which numerical aspects were discussed in [13], [14], [7]). That is why we



are looking here for a rigorous proof to built a platform for further studies.
The asymptotic analysis happens to be more involved comparatively with the
arguments in [3]. Note that our assumption includes the case of the classical
call-option.

The paper [3] contains another interesting idea: to minimize the functional
A1 (f) with respect to the scale f in a hope to improve the performance of
the strategy by an appropriate choice of the revision dates'. We alert the
reader that the reduction to a classical variational problem is not correct as
well as the derived Euler-Lagrange equation. That is why the whole paper
[3] can be considered only as one giving useful heuristics but leaving open
mathematical problems of practical importance.

3. Structure of the proof. The proof of Theorem 1.3 Tequires some
preliminary work. In Section 2 we consider the process V" — C(s, Ss) which
can be interpreted as a running deviation of the approximating portfolio
process from the ”theoretical“ option price in the presence of transaction
costs and which terminal value is the hedging error. We extract from this
process a principal part which is the sum of two martingales M'" and M?2"
of a particular simple structure and a residual part split for convenience
into sum of two processes R'™ and R?*". To prove the theorem it is suffi-
cient to show that /n||[M{" + M{™ — Ay(f)||r2(0) — 0 (Proposition 2.2)
and /n||R{"|[12(0) — 0 as n — co. However, having in mind applications
to limit theorems for the residual we announce in Propositions 2.3 and 2.4
stronger results, namely, that v/n||sup, RI"||12(g) — 0. Proofs of these three
propositions are given in Sections 5-7. Section 3 is devoted to derivation of
estimates of partial derivatives of C (t,x). Some auxiliary results are recalled
in Section 4. The concluding Section 8 contains estimates of some Gaussian
functionals.

We use the French-style terminology: ”positive“ — ”strictly positive*; k
stands for a constant which value is of no importance.

2 Preparatory Manipulations

First of all, we represent the deviation of the approximating portfolio from
the pay-off in an integral form which is instructive how to proceed further.

In the sequel we need to define a number of stochastic processes. Since the
terminal date plays a particular role (we do not include the final transaction),
they will be defined on the interval [0, 1] with an extension by continuity to its
right extremity. With such a convention the identity in the following lemma
holds also for s = 1.

Lemma 2.1 We have the representation VI — V, = FI" + F2n s € [0, 1],
where Vs = C(s, Ss),

n

Fsln = 0/ St Z(aﬂi(ti*h Sti—l) - aw(tv St))l[ti—l,ti[(t>th7

0 i=1

! Even in the frictionless case the choice of an optimal scale to minimize the
hedging error is an important and nontrivial problem, especially, for irregular pay-
off functions, see, e.g., [1] and references wherein.



F2n = ko\/ZJ/OSfam(t,St)\/f’(t dt — —= Z |AC,(t:)|5:,,

with, the abbreviation ACy(t;) := Cy(ts, St,) — Cu(ti—1, S, ).

Proof. Using the expression (1.5) and applying the Ito formula to the incre-
ment C(0,Sy) — C(s,Ss) we get that the difference V* — V is equal to

FSI" —/ (Ct(t Si) + U2S2sz(t St) ) t——= Z |AC |St
0

t<s

Since C (t, ) solves the Cauchy problem (1.15), the integrand above is equal
to (1/2)(0 — 62)52C,,(t, S;). We conclude by substituting the expression
(1.10) for 2. O

Put (for s € [0,1])

M = o2 Z Craltion, Se, )S?_ [At; — (AW,
t;<s

M2 = %Zé ti 1,5 )82 {\/2/7n/At |AWt}
ti<s

N |

where At; :=t;, —t;_1 and AW, =W, — W, _,.
We introduce also two residual processes RI™ := FJ" — MJ", j =1,2.
Since Vi = G(51), Theorem 1.3 follows from the following two assertions:

Proposition 2.2 nE(M]™ + M — A1(f))?> — 0 as n — .
Proposition 2.3 nEsup,.;(R!")? — 0 as n — occ.

Proposition 2.4 nEsup,.,(R")*> — 0 as n — occ.

Remark. In fact, to prove the theorem, it would be sufficient to show that
nE(R{™)? — 0. However, the stronger property claimed above happens to be
useful in a study of more delicate results on the asymptotic behavior of the
hedging error.

For a process X = (X;) we denote by X* its maximal process. That is
X} =sup,<; | Xu|. In this (standard) notation the claims of Propositions 2.3
and 2.4 can be written as n'/2[|R]""||12(o) — 0, j = 1,2.

Note that the sum in the expression for FJ'2 = F*? does not include the
term with ¢ = n. Having in mind singularities of derivatives at the maturity,

it is convenient to isolate the last summands also in other sums and treat
them separately.

Now we analyze the expressions for 1" and F!" by applying the Taylor
expansion of the first order to the differences C, (tiz1,St_,) — Ce (t,S:) and
Ca (s, S,) — Co(tio1, St,_,) at the point (¢;-1,St,_,). A short inspection of
the resulting formulae using the helpful heuristics AS; ~ 0S; AW, ~ 0.S;V/dt



reveals that the main contributions in the first order Taylor approximations
of increments originate from the derivatives of C,(t,z) in z. That is the
principal terms of asymptotics are

sn—1

pin J/ Zcm tio1, S0 )S% (1= S/t )St/Str T, (AW,

P2 i=ko Y Cualtio1,St,_,)St_, |ov/2/m\/F (ti1)Ati — |Se, /Se,_, — 1]/v/n],

t;<s

where s € [0, 1].
We write the first residual term R1" = (P! — M1") + (F1" — PI") in the

following form:
RY™ = (R\M™ + R™ — RY™ — (1/2)R1")o, (2.1)
where

RIM™ = (P} — M!™) /o,
01(5) (Co(tn_1,S0, ) — Cult, S1))SedWy,

tn—1

R;nn — I[t

sn—1
R;tn = / Z th(tifl, Sti,l)(t — tifl)StI[ti,l,ti[(t)dWh
0 =1

sn—1

Rl = / S U, e (6)dAW
0 ;=1
with

UZ = azm({i—l, Sti_l)(st - Sti_l)zst + artt(fi—h S't,.,_l)(f - ti—l)zst
+2C0t (i1, Sty )(t — tim1) (St — St _,) St

The intermediate point (ﬂ‘q,gti,l) in the interval connecting (¢;—1,St,_,)
and (t;,5;,) can be chosen in such a way that the mapping w — (£;,_1, 5, )
is an F;,-measurable random variable (for example, one cane take the first
point on this interval for which the Taylor formula holds).

Notice that #;_y € [t;_1,t;] and St € [St,_y, St

The structure of the above representation of R'™ is clear: the term R!""
corresponds to the n-th revision interval (it will be treated separately because
of singularities at the left extremity of the time interval), the term R'‘"
involving the first derivatives of C, in ¢ at points (ti—1,S,_,) comes from
the Taylor formula, and the “tilde” term is due to the remainder of latter.

It is important to note that the integrals involving in the definition of
pln depend only on the increments of the Wiener process on the intervals
[ti—1,t;] and, therefore, are independent on the o-algebras F;, ;. This helps
to calculate the expectation of the squared sum: according to Lemma 4.1
below it is the sum of expectations of the squared terms. We define P2"
in a way to enjoy the same property. The second residual term includes



the term R?"" corresponding to the last revision interval; the term R2?!™
represents the approximation error arising from replacement of the integral
by the Riemann sum; the remaining part of the residual we split in a natural
way into summands R3, and RY;. After these explanations we write the
second residual term as follows:

We “telescope” the residual term R2" = (P2" — M2") + (F2" — P2") in
the following way:

R = (R 4 0\/2/7R¥™ + 0/2/7TR¥™ + R2™ 4 R¥" 4 R¥™) ko, (2.2)
with

RV = (P2 222

R = Ty, a(s) [ 52Calt, 0V T

in

n—1 t; N N
Rgln = / (Sgcﬂﬂr(tv St) V f/(t) - Stzi_lcri(tifla Sti—1) f/(tifl))dtv

ti—1

1 o~
R§2n = % wa(ti—lastri71)|5ti71 o Sti|(Sti71 B Sti),
t;<s
1
Rz?m - [...Ji(St; = St,_1)s
\/ﬁ t;<s
1
R§4n = — Z[”.]iStiil’
\/ﬁ t;<s
where

~ ~

[]Z = mx(ti_l’sti—l)|sti - Sti—1| - ‘CT(tlaStz) - ax(ti—17sti—l)" (23)

3 Convenient Representations, Explicit Formulae and Useful
Bounds

3.1 Representations of Derivatives in x

We consider the function C(t,z) defined by the formula (1.14), i.e.
Ct.o) = [ Glaerr4)o(y) dy. (3.1)

To ensure that the integral is finite we suppose that G : R™ — R is of poly-
nomial growth. We assume also that G is a convex function. Automatically,
G, being locally Liptsitz, admits a positive Radon-Nikodym derivative G’.
One can choose as G’ the right derivative of G which is increasing and has
only a countable set of discontinuities.



10

Our aim is to get appropriate estimates of partial derivatives of é(u x).
To this end we introduce the function

Cla;p) = /_OO Glze™ =3 )p(y) dy. (3.2)

Lemma 3.1 Suppose that G is a convexr function which Radon—Nikodym
derivative G' has a polynomial growth. Then for n = 1,2,3,4 we have the
following representation:

3

1 80 )
gan Cwip) = W/,Oo G (xe” 2P )Py 1 (y)e(y) dy (3.3)

p
where
Po(y) =1,
Pi(y) ==y,
Py(y) ==y" — py — 1,
Py(y) ==y = 3py* + (2p* = 3)y + 3p.

Proof. Let us introduce the function

G(u;p) :== G(e_p“_%pz), ueR, p>0.

Recall that the convolution of G and ¢ is defined by the formula
Grpesp) = [ G =)l dy.

The representation C'(z; p) = G *o(—p~1 Inx; p) allows us to calculate easily
the derivatives in z.
Differentiating the convolution we get that

13

Gxp(z;p) = Gxp™(2p) = G % o™V (z;p).

ozn
Recalling that o™ (y) = (=1)"H,(y)¢(y) where H, is the Hermite polyno-
mial of order n we obtain the representations

13

Gxp(zp) = (—1)"p / G (e~ P30 =P =3 1 () () dy

82"
and
s Grelp aip) = (1) [ G aen e A0 L () o(o) dy.

Changing the variable, we rewrite the last formula as

n

5 G xel=p Inw;p) = (—D"px/ G/ (xe? 37V Hy 1 (y + p)pl(y) dy.
(3.4)



11

The first four derivatives of the function f(g(.)) at the point x are given
by the formulae

2 Hgta) = ()9 @),
L) = R @) @) + ) (@),

3
%f (9(2)) = £ (@)(g' (2))* + 3f; (@)g" (2)g' () + [ (2)g"®) (),

4
%f (9(2)) = £ (@)(g (@))* + 6/ (@)g" (2) (¢ (2))* + 313 (2)(¢" (2))?
+4fy (@)g® (2)g' (2) + fy(2)g" (@),

where we use the abbreviations f;(z) := f'(g(z)), f;(z) := f"(g(z)) ete.

For g(z) = —p~ ' Inz the m-th derivative g™ (z) = (=1)"(m—1)!p~'z=™.
Applying the above formulae with f = G % ¢ and fén)(a:) given by the right-
hand side of (3.4) we obtain the assertion of the lemma with

Po(y) = Ho(y + p),

Pi(y) = Hi(y + p) — pHo(y + p),

Py(y) = Ha(y + p) — 3pH1(y + p) + 20> Ho(y + p).

P3(y) = Hs(y + p) — 6pHa(y + p) + 11p° Hy (y + p) + 69> Ho(y + p).

Since Hy(y) = 1, H1(y) =y, Ha(y) = y?> — 1, H3(y) = y>® — 3y, these formulae
can be re-written as in the statement of the lemma. O
Remark. Using the well-known combinatorial formula for the n-th derivative
of f(g(x)) (see, e.g., Th. II1.21 in the textbook [10]) one can check easily that
the representation (3.3) holds for each n with a certain polynomial P,,_; of
two variables, y and p, of order n — 1 and the coefficient at y" ! equal to
unit.

It follows from the above lemma and accompanying remark that in the
case where G'(z) < k(1 + zP)

o (14+2P)

5 C(t,z) < kp (1= e (3.5)
In particular, if G’ is bounded we have that

o" 4 1

p C(t,z) < kp Il @D (3.6)

Lemma 3.2 Suppose that G is a convex function which Radon—Nikodym
derivative G' has a polynomial growth. Then Cy(t,S;) — G'(S1) ast — 1
almost surely and in any LP(£2), p < oo.

Proof. From the representation (3.3) with n = 1 it follows that

Cult, 1) = / G/ (ScP+30 ) o(y) dy.
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Since the distribution of Sy is continuous, the set {2y of w for which S;(w)
belongs to the (countable) set of discontinuities of G’ has zero probability.
Outside {29 we apply to the integral the Lebesgue theorem on dominated
convergence using the assumption that G’ has a polynomial growth. To get
the convergence in LP(§2) we also apply the Lebesgue theorem but now to
the expectation. Its condition holds because S} is integrable in any power. O

3.2 Representations of Mixed Derivatives

Explicit formulae for derivatives involving the variable ¢ are more cumber-
some but also easy to obtain.

Let us define the operator T' transforming the polynomial P(y; p) into the
polynomial

TP(y; p) = (yP(y; p) — Py(y; p)) (y + p) + pP,o(y; p) — P(y; p).

Lemma 3.3 Suppose that G is an increasing convex function which Radon—
Nikodym derivative G' has a polynomial growth. Then we have the following
formulae:

~

/0\2.')3 > 1
Cilt,z) = _2t7t/ G (zeP V30 Py (y)p(y) dy,

~ /0'\2 Rl 1.2
Cot(t,x) = —27; G (weP V3P T Py (y; pr)p(y) dy,
t —00
~ 52 o 13
Cutltia) =~ | G (ae ™ 4010) (T Py 1) + Pr(0) ol
t — 00
52 G\ [ :
Cu(t,z) = ((2;3 +4T:3)x/ G (zeP ¥+ 3P0) Py (y)p(y) dy
t —00
T Y
+@ G' (ze” V2P T Py (y; pe) (y)e(y) dy,
t —00
R 6_\2 / 6.\4 (o) 12
Cort(t, ) = _((2t2) + 27154) / G’(xepty"’%”‘)TPo(y;pt)@(y) dy
pt pt —00
i e 12
+2Tj4 G (xeP 3P T2 Py (y; p ) () dy,
t —00

where P;(y) are polynomials defined in Lemma 3.3. In accordance to the
definition of the operator T,

TP(y)=y*+py—1,
TPi(y) =y + py*> — 2y — p.

Proof. Differentiating under the sign of integral in (3.2) and making a linear
change of variables we obtain the representation

Cy(z;p) = x/ G (xeP 37 Yyp(y) dy.
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Since p} = —0?/(2pt), the formula for @(t, x) follows obviously.
Using the change of variable

2y, p) = werr 20"

with the inverse
z 1

1
N 1
y(z;z,p) = —In 14

and differentiating under the sign of integral we get that

o [ 12 1 [ 12
% G (xe” 27 ) P(y; p)p(y) dy = ;/ G/ (xe? 2P )T P(y; p)e(y) dy.

This identity help us to derive the formulae for @t(t, x) and émt (t,z) from
the representation (3.3) and also get the formulae for Cy (¢, x) and Cuu(t, x)
by differentiation of those for Cy(t, ) and Cy(t,z). O

From the above lemma we have the following bounds:

Lemma 3.4 Suppose that one of the Assumptions 1 or 2 is fulfilled and G’
has a polynomial growth. Then

~ 1
Car(t, )] < (1 +2™), (3.7)
~ 1 1
|Crzt(t, 2)| < /ﬁ(l — 5(1 + ™), (3.8)
1
|Core(t,7)] < K 3 (I+2™). (3.9)

Proof. Under the Assumption 1 both 57 and |(67)'| = &|f"(t)|/\/f'(t) are
bounded and the statement is obvious. Under the Assumption 2, i.e. when
ft)y=1—(1—t)"# > 1, direct calculations lead to the bounds

o 1 2 1
% S R I |(Jf) | S R 27 (310)
Pt L—t pi (1-1)

implying required estimates. O

3.3 Sharper Estimates of Partial Derivatives
For our analysis we need also more precise estimates requiring further hy-

potheses on G.
Put

Zexp{ Lln® (p J/x)} (3.11)

with the convention Xy(x, p) := 0.
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Lemma 3.5 Under Assumption 3 there is a constant k such that for any
p € 10,0]

0 < Cro(z,p) < RWEN(:Lp) + k(1 +2™). (3.12)
Proof. Put
1 i1
§;j:==-In—L — —p.
J P n - 5P

Integrating by parts on the closed intervals with the extremities §; we obtain
that

') N
/ G (w3 yp(y) dy = — > G (xe 5" )p(y)
0

Jj=0

oo
+px / G (xe 50" )er 30" oy dy.
— 00

dj+1—

o+

Clearly,

N N
=D G ply)| =3 (GG — (G -)eld)).

=0 j=1

dj+1—

Due to assumed convexity of G the summands in the right-hand side are
positive and dominated by

2 g K12 1In*(K;/x)
/K N — IK —p /8 J _ = J .
G/ (B )pld) = G (i) me P e { g L

Due to the polynomial growth condition on G” in the Assumption 3
> 1/ 1.2 1.2
/ G (wePV T2 ) eV 2P o(y)dy < k(1 +2™).
— 00

Combining the above estimates we infer that

11n*(K;/x)

[e'e) N

0< [ Glae ey dy < 75 > jexp{—2p2}+mpx<1+xm>.
0 z —
Jj=1

The claim follows now from the representation (3.3) for n = 2. O

Lemma 3.6 Under Assumption 3 there is a constant k such that for any
p €]0, 0]

1 1 .
|Caaa(, p)| < HWEN(%P) + Hp*x(l +a™),

1 1
|Craze(, p)| < KJWZN(%P) + ﬁﬁ(l +a™),
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Proof. For Q,,(y) = H,(y) the estimate

© L 1
| 6o 0, met) db| < v Enep) + o1+ (313

can be obtained by the same argument as above. The Hermite polynomials
H,(y) form a basis in the linear space of polynomials in y. It follows that
this estimate holds when @, (y) = y™ and, hence, for any polynomial which
coefficients are functions of p bounded on [0, ¢]. With this we conclude using
the representation (3.3). O

Using the estimate (3.13) we obtain from Lemma 3.3 the following:

Lemma 3.7 Under Assumption 3 on the pay-off function G there is a con-
stant k such that for any t € [0,1]

~9_1/2
oy x 2

ICy(t,x)| < K In(x, po) + koza?(1 + ™),

Pt
5'2 ~2

~ < t Uft m
|Cre(t, x)| < nip%xl/QEN(x,pt)—i—mpt z(142™),
~2

~92
~ g g m

sz t; < : ) . 1 )
| t( $)| _:‘ﬂ?p?xg/QZN(.’E pt)—f—:‘ﬂ?p%( +x )

|Cee(t, )| < ,‘@(u + —t) (xl/QZN(x,pt) + ptx2(1 + acm))7

200 4p;
~ Ch 1 m
|Crte(t, )| < “(Tpt + @) (WZN(CU,M) +pex(l+ ))'

3.4 Call Option: Explicit Formulae

For the classical call option with G(x) = (z — K)T the derivatives we need
can be given explicitly. In particular,

~ o~

Cyp(t,x) = P(d(t, x)),

~ 1 ~
C:r:v tvx =—(d t,x)),
(t.2) = - p(dlt,)
where . 1
~ T
d(t = —1In— + —p;. 3.14
(t.2):= I + 5o (3.14)

To get the expression for the function A, = ESAC2, (¢, ;) from Theorem
1.11 we use the following easily verified formula.
Let ¢ € N(0,1) and let a # 0, b, ¢ be arbitrary constants. Then

1 b? -
Eec‘gef(agﬂj)2 = —&¢€ — +02—0b%. 3.15
NCTeEs B e (8.15)

where b := b — ¢/(2a).
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The distribution of the random variable 27rSf@§m(t, St) is the same as of

55_26—%(P—2)¢72tp;2ectfe—(at§+bz)2
where ¢; = (p — 2)ot'/?, a; = iotl/z,

1/ S 1 1 1
bt:pt<1n}_§—202t>+2pta bt:bt—i(p_2)pt

Since s ) )

= 0

by — b = —(p—2) KIHK - 20215) +p} - 417,0?} ;
we obtain from above that
1 KpP—2 _B,

ESPC2 (1, 8,) = e B, 3.16
POt 50 = 50, V202t + p? (319
where
InSe — 152 — 1(p—3)p2)° ) (p—4
B, = (n K _ 29 5(p )pt) _ (p )(p )p% (3.17)

202t + p? 4
In particular, with p = 4, we have:

1 K> In 52 — Lo2t — 1p2)?
A exp{—(nK2 377t 30)" | (3.18)

- 2mpy /202t + p? o%t + p}

3.5 Bounds for Expectations

Using (3.15) we obtain from Lemma 3.5 — 3.7 and (3.10) the bounds which
will be used in the proof of the main theorem.

Lemma 3.8 Suppose that one of the Assumptions 1 or 2 is fulfilled and G
satisfies the Assumption 3. Then

ESPC2(t,S)) < Ty (3.19)
ESPCM (1, 5h) < "(1_@12—1/2 (3.20)
ES{CIL(t,S)) < K(l—t)12m—1/2’ (3.21)
ESPC2™(t,8,) < n(l_t)ﬁ, (3.22)
ES{Cor,(t,S:) < ”u_ﬂ%—w (3.23)
where the constant k depends on p and m. In particular,
A <k (3.24)

V=t



17

4 Tools
In our computations we shall use frequently the following two assertions. The
first one is a standard fact on square integrable martingales in discrete time.

Lemma 4.1 Let M = (M;) be a square-integrable martingale with respect to
a filtration (G;), i = 0, ...k, and let X = (X;) be a predictable process with
EX?. (M) < 0o. Then

k
E(X - My)® = EX?- (M), = Y  EX](AM;)?,

i=1
where, as usual, A(M); := E((AM;)?|G;_1),
k k
XM=Y X;AM;,  X?- (M) :=» X}(M
i=1 i=1
Lemma 4.2 Suppose that ¢', f' € C(]0,1]). Let p > 0 and a > 0. Then

- At p+a O(nl_p_“), p < 1,
1—t =< O(n~%lan), p=1,

M

i=1 O(n™%), p>1
Ifglt)=1-(1 -1 B>1, then
L A)pre O(n'r=%), p<l+a(f-1),
Z i t O(n=*1Inn), p=1+a(B-1),
i=1 Vo O(n=?), p>1+a(f—1).

Proof. We consider first the case where ¢', f' € C([0,1]), i.e. ¢’ is not only
bounded but also bounded away from zero. By the finite increments formula
At; = ¢'(x;)n~! where z; € [(i — 1)/n,i/n] and, hence, At; < constn™!
Applying again the finite increments formula and taking into account that
min ¢’(¢) > 0, it is easy to check that there is a constant ¢ such that

1—ti
=l 1<i<n-—1.
1—¢

Thus,

n—1 — t
Atl nml dt
; 1—1t) g 17151 1) —C/O (1—1t)p’

Since
nTming (t) <1—g(1 —1/n) <n 'maxg'(t),
the asymptotic of the last integral is O(1), if p < 1 (the integral converges),
O(lnn), if p=1, and O(nP~1), if p > 1,. This implies the claimed property.
In the second case where g(t) =1 — (1 —t)?, 8 > 1, we have

pHa pra (1 — z,;)B-Dta) |
Z 14 T pp—lta (1—i/n)fr  n’

i=1 i=1
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The sum in the right-hand side is dominated, up to a multiplicative constant,

by
(1= (i —1)/n)pra=ban = (1 —typta=pa’

i=1

Using the explicit formulae for the integral we infer that the required property
holds whatever are the parameters p >0, a >0, and g > 1. O

5 Analysis of the Principal Terms: Proof of Proposition 2.2

Since E(M{"™+ M?") = 0, we need to verify that nE(Mi" + M:")? — A;(f)
as n — oo.

Recall that F(£2 —1)? = 2 and E|¢? = 2E[¢| = 24/2/7 for £ € N(0,1).
Using Lemma 4.1 we obtain the representation

4 n—1 n—1
2
nE(M™ + M?)? = %n > A (A)? + koo®y ;nl/Q > Ay (At)2
=1 =1

n—1
2
2o (1 _ ;) Zl Ay, At

By the finite increments formula At; = g(i/n)—g((i—1)/n) = ¢’(x;)/n where
x; € [(1 — 1)/n,i/n]. We substitute this expression into the sums above. Let
us introduce the function F,, (depending on p) by the formula

n—1
Fult) =Y Ag(imy/mg @)PIii—1) pmimi(0)-
=1

For p > 1 we have:

n—1

1 1 1
ZAQ((ifl)/n)[g/(xi)]pﬁ :/0 Fn(t)dt—>/0 Aglg' (t)]Pdt.
=1

The needed uniform integrability of the sequence {F,,} with respect to the
Lebesgue measure follows from the de la Vallée-Poussin criterion because the
estimate A; < k(1 —¢)~'/? and the boundedness of ¢’ imply that

1 1 1
dg(t) ds
F,B/Z(t)dt < const / —————= = const / —y < 00.
/0 L o (1—g(1)3/1 o (1—s)3/4

By the change of variable, taking into account that ¢'(t) = 1/f'(g(t)), we
transform the limiting integral into the form used in the formulations of the
theorem:

1

/OAg(t>[g'(t)]”dt:/0 Ag(t)[g’(t)]”’ldg(t):/ Alf'(t)] Pt

0

The claimed property on the convergence of n!/2(M}™ + M?") to A;(f) in
L?-norm is verified. O
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6 Analysis of the Residual R!™

In this subsection we give a proof of Proposition 2.3.
1. To check the convergence of the sequence n1/2R%M"* to zero in L? it
is convenient to introduce the “intermediate” process

sn—1
Mln =0 / Zcﬂfﬂc i—15 5t 1)32 (Wti—l 7Wt)1[ti—17ti[(t)dwt'

The difference P'™ — M is a square integrable martingale and

S B R L

It is a simple exercise to check that

2

E((e%*%“ - 1)6“57%“2 —u€)? =0(u?), u—0.

Hence, we can dominate the expectations in the integrals by a quadratic
function and obtain that

n—1
nE(P™ — M{™)? < constn Z Ay, (AL)? — n— 0.

i=1

By virtue of the Doob inequality also nE sup,(P!" — M!™)? — 0.
Note that Mtlﬁ L= Mtli’j ,» the process M In is constant on the interval

[tifl, tl[ while

ti—1

Méln Mln :O’QCMC( 7, 1,5,51 1)St1 1/ (Wti71 —Wt)th.
ti—1
It follows that

i<n—1

nsup(Msln - M:”) = not max Cm( im1,St,_ 1)521,;_17712
S

where )
nii=5 sup |(We =Wy )* = (s —t:is)|-

s€[ti—1,t:]

Let m €]1,3/2[. Using the elementary inequality max;|a;| < >, |a;|, the
independence of increments of the Wiener process from the past, the bound
(3.19), and the estimate E|n;|*™ < k(At;)?™ we obtain that

n—1
_ Atl 2m
n™E sup(MI™ — M™)*™ < gn™ E (At:)

o m—1
A= gz - o™ ), n— oo
=1 1—

The sequence nsup,(ML" — M1™)? converges to zero in L™, hence, in L.
Summarizing, we conclude that n'/2||RIM"™*|| 2 — 0 as n — oc.
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2. The residual process R ig a martingale and by the Doob inequality
E(RI"*)2 < 4FE(R1"™)2. We have:

1
E(RI"™)? = B(Cyutn_1,S:, ,) — Cu(t, S:))2S2dt < kin(1 —t,_1),

tn—1

where &, is the supremum of the integrand over [t,,—1, 1]. By virtue of Lemma
3.2 Kk, — 0.Since 1—t,,_1 < kn~! (due to the boundedness of g'), we conclude
that nE(RI"™)? — 0.

3. By the Doob inequality asymptotic analysis of the sequence Ri‘™* can
be reduced to that of

i

R%m*ZCﬁ i—1, 5, 1)/ (t —tiz1)SedW,.

1
According to (3.20)

1

2 2
Ecm(t, St)st é I‘Cm.

Therefore,

ti
thn Z E ti-1, Sti71)5152i71 / (t - tifl)ZE(St/StFszt

ti—1

n—1

(At;)? ~3/2

SCOHSt ZW:O(TL )7 n — oo,
i=1

in virtue of Lemma 4.2. Hence, E(R}"")? — 0.

4. Now we estimate the expectation E(]:Z}")2 corresponding to the ter-
minal value of the martingale arising from the remainder term in the Taylor
formula for C,. We have:

ti -
E(U})2dt.
ti—1

Since (a + b+ ¢)? < 3(a? + b? + ¢?), it is sufficient to check that each of the
following sums converge to zero as o(n™!):

n—1 ti ~
2? = Z EC§$$( i— I’Sti71)(St - Sti71)4stgdt’

i=17ti-1

E; = Z / Ecztt(ti—lﬂ Sti—l)(t - ti—1)45t2dt7
i ti—1

2?7: = Z Ecizt ~1 1751%71)(15 - ti*1)2<st - Sti—l)2Stht'

ti—1
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Using the continuity of the process S; we obtain from the formula (3.11)
that

lim sup X5 (S, pt) =0 a.s.
t—1 r>t

Applying Lemma 3.6 we infer that for any ¢ > 0, m > 1, there exists a €]0, 1]
such that

BE|Couo(fi1, Si, )P < e (6.1)

for every t;,_1 > a. For t,_1 < a the above expectation is bounded by a
constant which does not on n.
Let £ ~ N(0,1) and let b € [0, 1]. Using the elementary bound

leb — 1| < b(el*!l — 1)
which follows from the Taylor expansion, we obtain, for m > 1, the estimate

E(€UU57(1/2)02u2 _ 1)2m < Hu2m

where the constant x depends on m and o. Applying the Cauchy—Schwarz
inequality and this estimate we get that

E(St - Sti_l)zme S H(t - ti_l)m.

Manipulating again with the Cauchy—Schwarz inequality we obtain with the
help of the above bounds that

n—1 (At)S
E?SK Z (Atz)3+/652ﬁ
i=1

ti—1<a

The first sum in the right-hand side is of order O(n~2). According to Lemma
4.2 the second one is of order O(n~1). Since ¢ > 0 is arbitrary, it follows that
lim, nX7 = 0.

Similarly to the bound (6.1) but referring now to Lemma 3.7, we can
establish that for any e > 0 there is a threshold a €]0, 1] such that for any
t;_1 > a the following inequalities hold:

E|Cﬂmt(t~i—17 gtifl)‘Qm < Em (62)
and
S 1
B|Cout(tiz1, Si,y)I? S ey (6.3)

With these bounds we prove, making obvious changes in arguments, that
lim,, X% = 0 and lim, nX% = 0. Thus, nE(R{™*)? — 0. O
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7 Analysis of the Residual R?™

Now we give a proof of Proposition 2.4.
1. Put (for s < 1)

_ 1 N
P52n = koﬁ Z Cl‘$(ti—1"5’ti71)‘5’t2i,1 |:E|St'i/St'i—1 - 1| - |St'i/St'i—1 - 1| .

t;<s

The processes P2, P?" and M?" have piecewise constant trajectories jump-
ing at the moments t;, © < n — 1. Thus,

[[sup,| P2 — MZ"[[| L2 < [sup;| P2" — P2"

[z + |[sup; [P — ME" ||| .
We have:
n—1
n!/2|[sup, | P2" = P2"l|12 < ko Y A4,/° B,
i=1
where
B, = ‘a\/2/7r\/nf’(ti,1)Ati — B|S,, /S, — 1|‘.
Using the Taylor formula it is easy to verify that for u > 0
Ele*—2%" 1) = 2[d(u/2) — &(—u/2)] = \/2/7u+ O®), u— 0,

It follows that
Bi =0 2/7T(At¢)1/2‘\/ nf’(ti,l)Ati - 1| + O((At,)g/z)

By the Taylor formula

. . . 1 1 1
At; = g(i/n) — g((i —1)/n) = ¢'((i — 1)/”)5 + 59//(%‘)ﬁ,
where the point y; € [(¢ — 1)/n,i/n]. Since f is the inverse of g we have
f'(ti—1) = 1/¢'((i—1)/n). Using these identities and the elementary inequal-
ity |[vV14 a — 1| < |a| for a > —1 we obtain that

. I 19" (vi)] ) 1/21 N\3/2
B; < const 7= 1)/m) (At;) - + O((At;)°#).

Fix € €]0,1/4[. Substituting the finite increments formula At; = ¢'(x;)/n
with an intermediate point z; in [(¢ — 1)/n,i/n], we infer that

B; < const ay, = g((ig—/(f;)/n)]3/4_6 % + O((At)*/?).
where 3/4
_ b sup Wl = g(G = 1)/n)]
T SN (- D) (g ()
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Recall that

= ;) 1ot dgly [t e
Z z—l)/n)]l “n / [1—g<t>]1-f‘/o (—gi=e =%

and a,, — 0 under each of our assumptions. These observations lead to the
conclusion that

S4B,
Noticing that .
E(|le"73 1] —ulg])? = O('),  u—0,
we infer that
B[ (EIS1./St,~11-150/S0_, ~1]) 70<E|AWti|f|AWti|)r = O((At:)?).
Applying Lemma 4.1 and the Doob inequality to the discrete-time square-
integrable martingale (P2" — M?", F;,), we get that

n—1
nEsup;| P} — M{"|* < const Z As,  (At)? — 0, n — oo.
i=1

We conclude that n'/2||RZM™*|| > — 0 as n — oo.

2. Noting that ||S2C,q(t,5)|| 12 = Ai/z, we have:

X ) 1/2
||R%nn||L2 < / A;/det < </ Atdt) (1 — f(tnfl))l/l

th—1 tn—1

Since f(tn—1) = f(g((n —1)/n)) =1 —1/n and the function A is integrable,
it follows that nE(R3"")% — 0.

3. The process R?!™ describes the error in approximation of an integral by
the Riemann sums. To analyze the approximation rate we need the following
auxiliary result.

Lemma 7.1 Let X = (Xy);eo0,1) be a process with
dX; = pydt + 9 dWy, Xo =0,

where 1 = (pt)iefo,r) and ¥ = (V¢ )iejo,r) are predictable processes such that

T
/ (pte] + 92)dt < oo.
0

Let X' := >0 Xy, Ly, 1(t). Then

E sup (/ (X — X[ dt) <8/ Zt —u)? Ly, 1,ti](u)Eﬁdeu
1 \Jo

s€[0,T
- 2
+2 (/ Z(ti —u)—’]ti_l,ti](u)(Eui)l/zdu> .
(U——
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Proof. 1t is sufficient to work assuming that the right-hand side of the in-
equality is finite. Having in mind that (a + b)? < 2a? + 2b%, we may consider
separately the cases where one of the coefficients is zero. Let us start with
the case where p = 0. For v € [t;_1,t;[ we have, using the stochastic Fubini
theorem:

/ (X, — X, )dt = / / DT, () AW,dt = / (v — u) P dWW,.
ti—1 Jti—a

ti—1 ti—1

Thus,
/ (X, — X7Vt = / St — Wy, () 0udIV,
0 0 =1

The right-hand side is a local martingale and we obtain from the Doob in-
equality

s 2 T n
E sup (/ (X — Xf)dt) < 4/ Z(ti — u)ZI]tifl,ti](u)Eﬁzdu.
0 0o =

s€[0,T]

In the case where ¥ = 0 we have, this time by the ordinary Fubini theorem,
that

/ (Xt — Xy,_,)dt = / (v — u) pydu, v € [tim1, ti,

ti—1 ti—1

and this representation allows us to transform the squared process of interest
to the following form:

s s n
/ / Z (tl - u) (tj - T)I]ti_hti] (u)’[]tj—l,tj] (T)Mulu/rdUdr-
0 70 45=1
Its expectation can be dominated by
s s n
/ / Z (ti - u)(tj - T)I]tifhti](u)I]tj—htj](T)E|/'l/u/’[”l‘|dudr‘
o Jo ;55

Using the Cauchy-Schwarz inequality F|pu,p,| < (Ep2)Y/?(Ep2)'/? and once
again by the Fubini theorem we obtain the needed bound. O

Let X; := S?Co.(t, S:)v/ () Ij0.1,_,)- Then
Riln = Y;n + / Xl;ndt — Z am(ti_l, Sti—l)Stzi_l \/ f’(ti_l)Ati, s < 1,
0 tiSS

where

Y ::/ (X, — XP)dt.
0
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The process X on the interval [0, ¢,_1] admits the representation of the above
lemma with the coefficients

0y = [25:Con(t, S1) + S2Coru(t, S|V [ ()5St

—

[ 2C0(t, S1) + 45:Cuaa(t, Sp) + S2Copua (¢, St)} Ft)o2S?

f'()
)
In the case where ¢’ is bounded away from zero (hence, f’ is bounded),
the estimates (3.16) and (3.21) imply that E¥? < x/(1 — t)3/2. If also f" is

bounded, then the estimates (3.16) and (3.21) — (3.23) ensure that Eu? <
w/(1—t)%/2.

Applying the lemma we have:

_ 2
n|2 (At K
E sup |V <I€273/2 (Z T 5/4> .

s€(0,1]

N =

e =

1 N ~

According to Lemma 4.2 the right-hand side is O(n=/2?) as n — ooc.

In the case where g(t) =1 — (1 —t)?, 3 > 1, we obtain in the same way
that E¥? < k/(1 —t)>2~ V8 Eu? <rk/(1 —t)7/?>1/8 and

n—1 n—1 2
n|2 (At;)? (At;)?
ESZI[BI,)H Yo" < ﬁ; (1= t,)5/2-1/8 Tk <Zl 1- ti)7/41/<25>>
By Lemma 4.2 the first sum in the right-hand side can be of order O(n=2),
O(n~21Inn), or O(n~¥/2+D)) that is o(n~') as n — oo. The second sum
can be O(n™1), O(n~'1lnn), or O(n=F/41/2)) ie o(n=1/2). In all cases
nEsup, |[Y? — 0.
The process R?!™ — Y™ vanishes in the revision dates and

sup |R*"™ —Y"| <k max / C’m t,S;)SZ/ f!(t)dt

s€[0,1] i<n—1

By the Cauchy—Schwarz inequality

1/2 t
/ Caa(t, Sp)S2\/F/(t)dt < </ C2.(t,5) S4dt> </ f’(t)dt)

Note that the second integral in the right-hand side is equal to 1/n.
Using the bound max; [a;| < ), |a;|, the Jensen inequality, and the esti-
mate (3.19) we obtain from here that for m > 3/2

1/2

m

n™E sup |R¥*" —Y!|*™ < kE Z C’2 (t, S;)Sidt

s€[0,1] i<n—1 ti—1



26

<k Y (At)™ 1/ EC?™(t,S;) St dt

i<n—1

_ A(—1/2
Sk Z 1—t m— 1/2—O(n ?)

i<n— 1

by virtue of Lemma 4.2. That is, nsup,co 1 |[R2'" — Y*|* tends to zero in
L™ and, hence, in L'.
4. The residual processes R?*" have piecewise constant trajectories and

the analysis of the asymptotic behavior is reduced to the discrete-time scheme.
Let

5? = (Sti/Sti—l - 1)QSign (Sti/sti—1 - 1)7

AMP =€ — EEY, and X7 = am(ti,l, Sy,_,)SE_ . With this notation we
have the representation

n'/ZREM = X" MP+ AR, k<n-1,

pe=Y XI'EC.

i<k

where

Note that . .
E(e“5_§“ —1)" =0, u— 0.

Applying the Doob inequality and Lemma 4.1 we obtain that

E sup (X" M),
i<n—1

) < 4E(Xn ' ‘]\477—1)2 <4 Z Ati—l(Sti,/Sti—l - 1)4

i<n—1

<K Z 17t

1<n— 1

i— 1 1/2 - O(nil)

according to Lemma 4.2.
By virtue of Lemma 8.1 given below in the section on asymptotics of
Gaussian integrals for sufficiently large n we have the inequalities

0 < BEP < w(AL)%?
implying that the discrete-time process A is increasing and

A7 Iz < 30 NIXPl2BE <k Y A (At)?

i<n—1 i<n—1
3/2 L
<'{Z l—t 1/4:0(71 )

i<n— 1

again according to Lemma 4.2.
It follows that nE(R?2"*)? — 0.

5. We verify now that nE(R33"*)2 — 0. Recall that
E’(St1 — St._l)Qm S Cm(Atz)m

i
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Using (3.20) we obtain the bound

(At;)3

2 2 2
EC (tim1, St )(At:)7(St, — St,,)7 < At

To estimate the terms coming from the residual term of the Taylor expansion
we use the Cauchy—Schwarz inequality and the bounds (3.5), (3.8), (3.9). This
yields in the following;:

02 (i . § At;)3
Eczxi’(ti_l’sti—1)(sti - Sti—l)G < KJ(:E—t)»)2’

C2 (%1, 8 At;)
EC§$t(ti,1,Sti71)<Sti - Sti—1)4(Ati)2 < K’(:Et)i)S’

02 (%1, 5 At;)5
ECztt(tifl’Sti—l)(Ati)4(Sti - Sti—1)2 < "{(E—t)»)‘l.

Obviously,

n!PIRE e < lIlJi(Se = Ses)llee

i<n—1

where [...]; is defined in (2.3). Taking into account that Cyy(t,z) > 0 and
using the inequality ||a| — |b]| < |a — b| we can write that

1-JiCSe = S Dllze < S (11Coar(tions St )t = i) (St = St y)lae + )

where we denote by dots the L2—norAIns of the resAidual term in the first order
Taylor expansion of the difference C.(t;,S,) — Cx(ti—1,St,_, ). Summing up
and using the above estimates we conclude, applying Lemma 4.2, that the
right-hand side of the above inequality tends to zero as n — oo and we
conclude.

6. It remains to check that nE(R3%")? — 0 and this happens to be the
most delicate part of the proof. Again the analysis can be reduced to the
discrete-time case. We note that

ER¥? < > ESE 7 +2> ElSi_ [-]iSt, [l

i<n-—1 1<j

The estimation of the ﬁrst sum is rather straightforward. Applymg the Ito

formula to the function C, (t,x) and using the positivity of Cm(t x) and
the inequality ||a| — |b|| < |a — b] we dominate the absolute value of random
variable denoted by [...J;, see the formula (2.3), by the absolute value of

ti N ti 2 R
| Coattir, 1) -Corlt,50)Si= [ (Curlt, 5+ 52 Conalt. ).
ti—1 t

1—1
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We check that

n—1 ti R
Z ES?FI / (C‘T«T(ti*h Sti—l) - me(t, St))zstht = O(n_1/4)’ (7'1)
; ti—1

ti N R
S aumst, [ (@050 + S1C2.50)d = 0. (1)

A generic term of the first sum is dominated by

At; E sup Sf sup (ém(t, Sy) — am(ti,l, S’tifl))Q.

t<1 ti—1<t<t;

The Cauchy—Schwarz inequality allows us to separate the terms under the
sign of expectation and reduce the problem to the estimation of the forth
power of the difference ém (t,S¢) — am(ti_l, St,_,). The Ito formula trans-
forms this difference into the sum of a stochastic integral and an ordinary
integral. Using consecutively the Burkholder and Cauchy—Schwarz inequali-
ties and the bound (3.21) we have:

2

E  sup
te(ti—1,ti]

4
/ meuS)SdS] < oE

t;
S C4AtiE 04

xrxrx
ti—1

- (At;)?
(1=t

(u, S,)SSdu

To estimate the ordinary integral we use the Jensen inequality for f(z) = z*

and the bounds (3.22) and (3.23) and get that

(At;)4

4
t
~ 1 202 A
il < g NT
E sup |:li1 (szt(uv Su) + 20 Suczzxa:(u7 Su))du‘| >~ 5(1 — ti)ll/Z .

te[ti—1,ti]

Using these estimates we obtain that the sum in (7.1) is dominated, up
to a multiplicative constant, by

n—1
(At;)? (At;)?
Y |55 ]

i=1

and the claimed asymptotics follows from Lemma 4.2.

Similar arguments, but using the inequalities (3.20) and (3.21), give us
the second asymptotic formula.

From the same estimates we obtain that

n—1 n— 3/2

Z(ES2 . 1/2< Z ].—t 7/8+HZ ].—t 11/8

i=1
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The second sum in the right-hand side converges to zero while for the first
one we can say only that it is dominated by a convergent integral. Using
this observation we conclude that the sum of expectations of cross terms
over indices 7,j with 4 < j and t; > a also can be done arbitrary small by
choosing a sufficiently close to one.

Unexpectedly, the most difficult part of the proof is in establishing the
convergence to zero of the sum of cross terms corresponding to the dates of
revisions before a < 1, i.e. bounded away from the singularity.

To formulate the claim we introduce “reasonable” notations. Put

;= Cou(Si, 1, ti1)S? (Sftil _ 1)7

=~ 1 5 = S, 2
Bi = Stiflcxt(stiflvti—l)Ati + §Siflcxacx(st171ati—l)(St.tl - 1) )

vi := | + Bi| — |evi|. Let us define also the random variable y; := sign (a;/53;)
and the set A; := {|3;] < |a|}.
Now we have the identity
Sti—l []1 =—%+G

where the expression [...]; given in (2.3) and
G = |Oé + ﬁ| - |a$(ti’ Sti) - 6$(ti—1’ Sti—1)|Sti—1'

Using the first order Taylor expansion of aw(t, x) and estimates of the higher
order derivatives we get the bound

(Gil < Kan(|ASy, [? +[ASy, | Aty + (Ati)?)|AS, |

where 7 is a power of the random variable sup,.; S; having moments of any
order. It follows that a
E|Ci‘2 S K‘,(Ati):;.

For By the Cauchy-Schwarz inequality we infer from here that
> EGGI< D EBGP =00, n— o
t;<a,t;<a ti<a
For ; the straightforward estimate is worse: E|vy;|> < kAt;. Nevertheless,
1/2 1/2
> EhGl< | DBl > ElG)? =0(n™"), n— oo
t;<a,t;<a ti<a ti<a

The assertion needed to conclude is the lemma below. It is based on
asymptotic analysis of expectations of some Gaussian integrals which are
given in the next section and the following identities:

lao+ Bl — |a| = |BIxTa + Bl 1y>03Lac + (18] = 2|al) Iy<oyLac
= [BIx +2(18] — la) L {y<oyLac — | B[ {x=011ac

where «, 8 are arbitrary random variables, x := sign (af), A := {|6]| < ||}
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Lemma 7.2 For every fized a €]0,1]
‘ Z E%qj’ = o(1), n — 0o.
1<J, tha

Proof. The routine estimation |Ev;7;| < E|v;||v;| does not work in our case.
But for i < j

|Evisl = BB (1P, 0)) < E(1nll By 1P, 20)l) < E(1BIE (1 F,-0)1)-
According to the above identity,

|E('7j ‘ftj—l)l < ‘E(|ﬂj |Xj |ftj—1)| + 2E(|ﬁj |IA; |‘th—1)'
Using Lemma 8.2 of the next section with n, = S, /S, _, — 1, u = (At;)"/?,
we dominate the first term in the right-hand side by

K (Sty 1 [Cot(Stiy s tic)| + 2 |Cuua(Stiy s timn)]) (At)2/?

It is easily seen from the explicit formulae that the coefficients above when
t; < a can be dominated uniformly by ¢,(14+sup,<; St), i.e. by a random vari-
able having all moments. In the same range of indices we have also the bound
E(B2|F:,_,) < Ca(At;)? where ¢, a random variable having all moments. It
follows from here that

> E(BIE(81GIF, ) = 0 2).

i<j, tj<a
We estimate P(A$|F;,_,) applying Lemma 8.3 of the next section with

S?jfléwwx(stjfl ) tj—l)
2, Coa(Sty 15 t5-1)

St 1 Cat(Se, 1 ti—1)
) eo(tjmy) == === i )

87 Cuul(St,y tjo1)

C1 (tj—l) =

and c(t;—1) := 2(|c1(tj—1)| +]c2(tj—1)| +1). On the interval [0, a] the contin-
uous process ¢(t) can be dominated by a random variable &,. Fix ¢ > 0 and
choose N such that P(§, > N) < €. Lemma 8.3 implies that

P(AS|Fy, ) < In(AG) P L, py<n + T, >

and, therefore, P(A$) < Ly(At;)Y/? + & < 2¢ when n is large enough. Using
the Cauchy—Schwarz and Jensen inequalities we get that

Y E(BNEWB]LaclFe, ) < D (BB Y (BBHYH(P(A5)Y*

i<j, t;<a ti<a t;<a

< @)Y (BAHYE Y (EBHY

ti<a tj<a

Both sums in the right-hand side are bounded because Ef7 < x(At;)* and
Eﬁ;l < k(At;)*. By the choice of € the right-hand side can be made arbitrarily
small. Thus, nE(R?*"*)2 — 0. O
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8 Asymptotics of Gaussian Integrals

Let £ € N(0,1) and let 7, := "6~ 3% — 1,y € [0,1].
Lemma 8.1 The following asymptotical formulae holds as u — 0:
Em? —n* i w00 = iu?’ + O(u?)
u —ult{n.>0} \/ﬂ )

2
Ensignn, = —=—u® + O(u"),

V2r

1
Esignn, = ————u+ O(u?).

V2T

Proof. Put
Z(u) = ("3 —1)2 — (e7uEm3w’ _1)2)

Then Z(0) = Z'(0) = Z"(0) = 0, Z"(0) = 12(£3 — ¢), and the function
AS (u) is bounded by a random variable having moments of any order. Using
the Taylor formula we obtain that

EZ(u)l(es 1,y = 3 E(&3 — Olfes1ay + O(u), u— 0,

and we obtain the first formula. The second formula is a corollary of the first
one since

En’signn, = EZ(u)lte>10) — EUZI{\g\g%u}
and the last term is O(u*) as u — 0. Finally,

Esignn, = P(€ > u/2) — P(€ < u/2) = 2(8(0) — B(u/2))

= —iu + E () au?
om 490 )

where 4 € [0,u/2]. O
Lemma 8.2 There exists a constant k such that for any A € R
|E\773 — Au2|sign(773 — Au2)77u| <k(l+ |A\)u3. (8.1)

Proof. Note that |z|signzy = xsigny. Therefore the left-hand side of (8.1)
is dominated by

| Engsignn,| + |Alu®| Esign .|
and the result holds by virtue of the previous lemma. O

Lemma 8.3 For every N > 0 there is a constant Ly such that for all u €
[0,1]
P(|cl773 + 02u2| > |nu|) < LnIfeanyu + Ies Ny

for any constants c1,co and ¢ := 2(Je1| + |e2] +1).
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Proof. Suppose that N > ¢ > 2, the only case where the work is needed. It
is easy to see that

P(jevms + c2u®| > [nul) < P((c/2)n + (c/2)u® > [1a])
< Pelnu| > 1) + P(lnu| < cu®).

The probabilities in the right-hand side as functions of ¢ are increasing and
it remains to dominate their values at the point ¢ = N. The required bound
holds for the first probability in the right-hand side (and even with a constant
which does not depend on N). Indeed, using the Chebyshev inequality, finite
increments formula, and the bound ¢(z) < 1/v/27 we have:

1 1 1
P(N|n.| >1) < NElnul < iE‘nu‘ =®(u/2) — P(~u/2) < ——u.

Vor

For u > 1/v/2N the second probability is dominated by linear functions with

Ly > V2N. For u < 1/v/2N we write it as

P(u/2 < €& < (1/u) In(1+Nu?)+u/2)+P((1/u) In(1-Nu?)+u/2 < € < u/2).
Using again the finite increments formula we obtain that

P(u/2 <€ < (1/u)In(1 + Nu?) +u/2) < —

\/7

On the interval ]0,1/v2N| we have the bound (1/u) In(

x

where k£ > 0 is the maximum of the function —In(1 —
10,1/2]. It follows that

1 — Nu?) > —kNu
)/:z: on the interval

P((1/w) In(l = Nu?) +u/2 < € < u/2) < \/%HNU.

Thus, the second probability also admits a linear majorant on the whole
interval [0,1]. O
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