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Abstract We consider an optimal control problem of linear stochastic integro-differential
equation with conic constraints on the phase variable and the control of singular-regular
type. Our setting includes consumption-investment problems for models of financial
markets in the presence of proportional transaction costs where that the prices are
geometric Lévy processes and the investor is allowed to take short positions. We prove
that the Bellman function of the problem is a viscosity solution of the HJB equation.
A uniqueness theorem for the solution of the latter is established. Special attention is
paid to the Dynamic Programming Principle.
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1 Introduction

In this paper we study the classical consumption-investment model with infinite horizon
in the presence of transaction costs. Our aim is to extend the results of [18] to the
case where the price processes are geometric Lévy process. Namely, we show that the
Bellman function is a viscosity solution of the corresponding Hamilton—Jacobi—Bellman
equation. We also prove a uniqueness theorem for the latter.
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Mathematically, the consumption-investment problem with transaction costs is a
regular-singular control problem for a linear stochastic equation in a cone. Its speci-
ficity is that the Bellman function is not smooth and, therefore, one cannot use the
verification theorem (at least, in its traditional form) because the It6 formula cannot be
applied. Nevertheless, one can show that the Bellman function is a solution of the HJB
equation in viscosity sense. Though the general line of arguments is common, one needs
to re-examine each step of the proof. In particular, for the considered jump-diffusion
model, the HJB equation contains an integro-differential operator and the test func-
tions involved in the definition of the viscosity solution must be “globally” defined. It
seems that already in 1986 H.M. Soner noticed that the control problems with jump
parts can be considered in the framework of the theory of viscosity solutions, [26], [27].

There is a growing literature on extension of the concept of viscosity solutions to
equations with integro-differential operators, see, e.g., [23], [2], [22], [9], [8], [3], [4].
There are several variants of the definition of viscosity solution. Our choice is intended
to serve the model with a positive utility function. The definition can be viewed as a
simplified version of that adopted in [15].

A rather detailed study of consumption-investment problems under transaction
costs when the the prices follows exponential Lévy processes and the investor is con-
strained to keep long positions in all assets, money included, was undertaken in papers
by Benth et al. [10] and [11]. Our geometric approach seems to be more general than
that of the mentioned papers where the authors consider a ” parametric” version of the
stock market with transactions always passing through money (i.e. either “buy stock”
or “sell stock”). A more important difference is that in our setting the investor may
take short positions as was always assumed in the classical papers [21], [13], [25]. If
short positions are admitted, the ruin may happen due to a jump of the price process.
That is why the classical setting we consider here leads to a different HJB equation of
a more complicated structure. Following the ideas from the paper [18] we derive the
Dynamic Programming Principle splitted into two separate assertions. Though it is the
principal tool which allows to check that the Bellman function is a viscosity solution of
the HJB equation, it is rarely discussed in the literature (and even taken for granted,
see, e.g., in [1], [25], [10]).

The main results of the paper is Theorem 10.1 claiming that if the Bellman function
is continuous up to the boundary then it is a viscosity solution of the HJB equation
and the uniqueness theorem for the Dirichlet problem arising in the model, Th. 11.2.
We formulate the latter in terms of the Lyapunov function, an object that is defined
in terms of the truncated operator, in which the utility function is not involved. Its
introduction allows us to disconnect the uniqueness of a solution and the existence of
a classical supersolution.

The structure of the problem is the following. In Sections 2 and 3 we introduce the
model dynamics and describe the goal functional providing comments on the concavity
of the Bellman function W. In Section 4 we show that the Bellman function, if finite,
then it is continuous in the interior of the solvency cone. In Section 5 we give a formal
description of the HJB equation. Sections 6 and 7 contain a short account of basic
facts on viscosity solutions for integro-differential operators. In Section 8 we explain
the role of classical supersolutions to the HJB equations. Section 9 is devoted to the
Dynamic Programming Principle. In Section 10 we use it to show that the Bellman
function is the solution of our HJB equation. Section 11 contains a uniqueness theorem
formulated in terms of a Lyapunov function. In Section 12 we provide examples of
Lyapunov functions and classical supersolutions.



2 The Model

Our setting is more general than that of the standard model of financial market under
constant proportional transaction costs. In particular, the cone K is not supposed to
be polyhedral. We assume that the asset prices are geometric Lévy processes. Our
framework appeals to a theory of viscosity solutions for non-local integro-differential
operators.

Let Y = (Y;) be an R%valued semimartingale on a stochastic basis (12, F, F, P)
with the trivial initial o-algebra. Let K and C be proper closed cones in R such that
C C int K # (. Define the set A of controls # = (B,C) as the set of predictable
cadlag processes of bounded variation such that, up to an evanescent set,

Be-K, CecC. (2.1)

Here B denotes a (measurable version) of the Radon-Nikodym derivative of B with

respect to the total variation process ||B||. The notation C' has a similar sense. Though

models with arbitrary C' is of interest, we restrict ourselves in the present paper by

considering consumption processes admitting intensity. To this and we define A, as

the set of controls m with absolutely continuous components C' such that the increment

ACy = Cy— C’é, = 0 where Cy— = 0. For the elements of A, we have ¢ := dC/dt € C.
The controlled process V = V¥ ™ is the solution of the linear system

dVi = Vi aY) +dB —dci, Vi_=az', i=1,..d (2.2)

In general, AVy = ABjy is not is not equal to zero: the investor may revise the portfolio
when entering the market.

The solution of (2.2) can be expressed explicitly using the Doléans-Dade exponen-
tials

(Y = GYi = (/)Y H(1 + AY;)efAY;. (2.3)
s<t
Namely,
Vi =&Y + & (YY) o e NYHABL —dcl), i=1,..,d. (2.4)
0,t

We introduce the stopping time
0=0"" :=inf{t: V"7 ¢ int K}.

For x € int K we consider the subsets A* and A% of “admissible” controls for which
7 = Ijgg=mym and {V_ + AB € int K} = {V_ € int K}. This means that for an
admissible control the process V*" stops at the moment when it leaves the interior
of the solvency cone and there is no more consumption. Moreover, the process V' does
not leave the interior of K due to a jump of B: the investor is reasonable enough not
to ruin himself by making too expensive portfolio revision.

The important hypothesis that the cone K is proper, i.e. K N (—K) = {0}, or
equivalently, int K* # (), corresponds to the model of financial market with efficient
friction. In a financial context K (usually containing Ri) is interpreted as the solvency
region and C = (C}) as the consumption process; the process B = (Bi) describes



accumulated fund transfers. In the “standard” model with proportional transaction
costs (sometimes referred to as the model of currency market)

K = cone{(1 —&-)\ij)ei —ej, e, 1<4,5 <d}

where A\ > 0 are transaction costs coefficients, see Section 3.1 in the book [19] for
details and other examples.

The process Y represents the relative price movements. If S* is the price process
of the ith asset, then dS} = Si_dY; and S} = S5&(Y*). Without loss of generality we
assume that S = 1 for all 4. In this case Y is the so-called stochastic logarithm of S°.
The formula (2.4) can be re-written as follows:

vy :sz’stz’/ L @Bl —dcl), i=1,..d (2.5)
[0.t] Se—

We shall work assuming that
dY: = pt + Edwy + /z(p(dz,dt) —q(dz,dt)) (2.6)

where p € Rd, w is a m-dimensional standard Wiener process and p(dz,dt) is a Pois-
son random measure with the compensator ¢(dz,dt) = II(dz)dt such that I1(dz) is a
measure concentrated on | —1, oo[d. Note that the latter property of the Lévy measure
corresponds to the financially meaningful case where S* > 0. For the m x d-dimensional
matrix = we put A = Z=*. We assume that

/(|z|2 AT (dz) < oc. (2.7)

It is important to note that the jumps of Y and B cannot occur simultaneously.
More precisely, the process |AB||AY| is indistinguishable of zero. Indeed, for any € > 0
we have, using the predictability of the process AB = B — B_, that

o0
B |AB AV T av,poey = B [ [ 1ABuT2pocy 2lp(dz. )
s>0

because for each w the set {s : ABs(w) # 0} is at most countable and its Lebesgue
measure is equal to zero. Thus, the process |AB||AY |l Ay |} is indistinguishable of
zero and so is the process |AB||AY|.

It follows that ABy = 0. Since the predictable process Ity cgry1[o,9] has at most
countable number of jumps, the same reasoning as above leads to the conclusion that
I{v,eaK}|AY|I[0,9] is indistinguishable of zero. This means that 6 is the first moment
when either V or V_ leaves int K. This property will be used in the proof that W is
lower semicontinuous on int K.

In our proof of the dynamic programming principle (needed to derive the HJB
equation) we shall assume that the stochastic basis is a canonical one, that is the space
of cadlag functions under which the coordinate process is the Lévy process.



We denote by C)(K) the subspace of the space of continuous functions f on K such
that sup,c g | f(z)|(1 + |z|?) < co. The notation f € C*(x) means that f is smooth in
some neighborhood of x.

Let f € C1(K) N C%(int K). Using the abbreviation

I(va) = I{z: z+diag zz€int K} — IintK(x + diag :L’Z)

we introduce the function
I(f,x) := /(f(:c + diagz2) — f(z) — diag zzf(2))I(z,z)I(dz), =z € intK.

It is well-defined and continuous in z. Indeed, let € > 0 be such that the ball O (z) C K
and § := ¢/(2|x|). Then, using the Taylor formula, we have the bound

|f(x + diag z2) — f(z) — diagzzf'(z))| < ff1|2|2105/2(m)(2) + r2lzll\ 0,y (2) (2)

which right-hand side is integrable with respect to II.

3 Goal Functionals and Concavity of the Bellman Function

Let U : C — Ry be a concave function such that U(0) = 0 and U(z)/|z| — 0 as
|z| — oo. With every m = (B, C) € A} we associate the “utility process”

t
Jr ;:/ e PU(cs)ds, t>0,
0

where § > 0. We consider the infinite horizon maximization problem with the goal
functional EJZ, and define its Bellman function W by

W(z):= sup EJ%, x€intK. (3.8)
TEAZ

Since A%' C A%Z? when z9 — z1 € K, the function W is increasing with respect
to the partial ordering > g generated by the cone K.

If m;, i = 1,2, are admissible strategies for the initial points z;, then the strategy
A1+ (1 —X)mg is an admissible strategy for the initial point Azq + (1—A)z2, A € [0, 1],
laying on the interval connecting 1 and z2. In the case where the relative price process
Y is continuous, the corresponding ruin time for the process

pAT1+(A=Nz2, AT H(1=Xme _ 2T (1 - A\)VF2™ (3.9)

dominates the maximum of the ruin times for processes V¥ ™. The concavity of u
implies that
AN S gm0 a7 (3.10)

and, hence, the function W is concave on int K.

Unfortunately, in our main case of interest, where Y has jumps, the ruin times
cannot be related in such a simple way. One can easily imagine a situation where
grrm = grrit (1= N2 Am+ (1= o while #7292 = oo and the relations (3.9) and
(3.10) do not hold. Therefore, we cannot guarantee, by the above argument, that the
Bellman function is concave. Of course, these considerations show only that the concav-
ity of W cannot be obtained in a straightforward way as claimed in some publications.



It is not excluded. Moreover, the concavity is rather plausible because one may guess
that for the optimal strategies there are no short positions in the risky assets and the
ruin by jumps is impossible.

The concavity of the Bellman function W is not a property just interesting per se.
The classical definition of viscosity solution, as was given by the famous “User’s guide”
[12], requires the continuity. On the other hand, a concave function is continuous in the
interior of its domain (and even locally Lipschitz), see, e.g., [5]. Of course, the model
must contains a provision which ensures that W is finite. But the latter property in the
case of continuous price processes implies that W is continuous on int K. In the case of
processes with jumps one needs to analyze the continuity of W using other arguments.

In the next section we show that the finiteness of W still guarantees its continuity
in the interior of K. We do this using the following assertion.

Lemma 3.1 Suppose that W is a finite function. Let x € int K. Then the function
A = W(Ax) is right-continuous on R4.

Proof. Let A > 0. Then A € Aém if and only if 7 € A. For a concave function U with
U(0) = 0 we have, for any &€ > 0 the inequality U(c) > (14 )~ U((1 + €)c). Hence,
for an arbitrary strategy m € Aj we have that

KO a5 =B [ e U+ 2)en) - e )ar
0

IN

€ Ooe_ﬁt c eW(x).
E/O Uler))dt < eW (z)

It follows that W ((1+¢e)z) < (1 + &)W (x). Since W(z)
here that A — W (Az) is right-continuous at the point
obtain the claim. O

<W((1+¢e)x), we infer from
A = 1. Replacing = by Az we

If U is a homogeneous function of order v with v €]0, 1], i.e. U(Azx) = NU(x) for
all A > 0, z € K, then W(Azx) = \YW (z). Thus, the function X — W (Az) is concave
and, therefore, continuous if finite.

Remark 1. In financial models usually C = R4e; and 0¥ =0, ie. the only first (non-
risky) asset is consumed. Correspondingly, U(c) = u(eic) = u(c!) where u is a utility
function of a scalar argument. Our presentation is oriented to the power utility function
u~(x) = z7 /v with v €]0, 1[. The case of v < 0, where, by convention, ug(z) = Inz, is
of interest but it is not covered by the present study.

Remark 2. We consider here a model with mixed “regular-singular” controls. In fact,
the assumption that the consumption process has an intensity ¢ = (¢¢) and the agent’s
utility depends on this intensity is not very satisfactory from the economical point of
view. One can consider models with an intertemporal substitution and the consumption
by “gulps”, i.e. dealing with “singular” controls of the class A* and the goal functionals
like

t
J7 ::/ e PU(Cs)ds,
0

where

S
CS:/ K(s,7)dCr
0

with a suitable kernel K (s, r) (the exponential kernel e ~7(*~") is the common choice).



4 Continuity of the Bellman Function

Proposition 4.1 Suppose that W (z) < oo for all x € int K. Then W is continuous
on int K.

Proof. First, we show that the function W is upper semicontinuous on int K. Suppose
that this is not the case and there is a sequence z;, converging to some xg € int K
such that lim sup,, W(zn) > W (zg). Without loss of generality we way assume that
the sequence W (zy) converges. The points Z, = (14 1/k)zo, k > 1, belong to the ray
R zp and converges to xg. We find a subsequence xp, such that T, > zn, for all
k > 1. Indeed, since

(14+1/k)xzo € o +int K,
there exists €, > 0 such that
(14+1/k)xzo + O¢,(0) € zg + int K.
It follows that
(1+1/k)xo + (xn — z0) + O, (0) € xpn + int K

and, therefore, (14+1/k)xg € xn +int K for all n such that |xn — x| < €. Any strictly
increasing sequence of indices ny with |zn, — zg| < € gives us in a subsequence of
points xp, having the needed property. The function W is increasing with respect to
the partial ordering > g . Thus,

lillcn W(zy) > lillcn W(zn,) > W(xo).

On the other hand, the function A — W (Azg) is right-continuous at A = 1 and,
hence, limy W (Zy) = W (xg). This contradiction shows that W is upper semicontinuous
on int K.

Let us show now that liminf, W (zn) > W(zo) as xn — xg, i.e. W is lower semi-
continuous on int K.

Fix € > 0. Due to the finiteness of the Bellman function there are a strategy = and
T € Ry such that for § = 6™ we have the bound

TNO
E/ efﬁSU(cs)dS > Wi(xg) —e.
0

It remains to show that

liminf 6, AT >0ANT a.s., (4.11)
n

where we use the abbreviation 6y, := 6™, Indeed, with this bound we get, using the
Fatou lemma, that

O NT oONT
lim inf W (zn) > liminfE/ efﬁsU(cs)dS > Eliminf/ efﬁsU(cs)ds

n

oONT
> E/ e_BSU(cs)ds > W(xo) — ¢
0

and the claim follows since € is arbitrarily small.



To prove (4.11), we observe that on [0, 0, A 8 A T] we have the representation
Vi — VPO = diag (zn — 20) St

implying that

sup VT — VPO < Splan — wol,
<0, NOAT

where ST := sup, < |St|. Fix arbitrary, “small”, 6 > 0. For almost all w the distance
p(w) of a trajectory V;"™(w) on the interval [0,0 A T — 4] is strictly positive. The
above bound shows that for sufficiently large n the V;"*™ (w) does not deviate from
V,7*™ (w) more than on p(w)/2 on the interval [0, 0n(w) A O(w) A T). It follows that
On(w) > 6(w) AT — 6. Thus,

liminf 0, AT >0ANT -6 a.s.
n

and (4.11) holds. O

5 The Hamilton—Jacobi—Bellman Equation

Let G := (—K) N dO1(0) where Op(y) := {z € R : |z —y| < r}. The set G is
compact and —K = cone . We denote by Y the support function of G, given by
the relation X' (p) = sup,eg pr. The convex function U*(.) is the Fenchel dual of the
convex function —U(—.) whose domain is —C, i.e.

U*(p)—sgp(U( x) — px).

We introduce a function of five variables by putting

F(X,p,Z(f,2), W,z) := max{Fo(X,p,Z(f, ), W,z) + U"(p), Zc(p)},

where X belongs to §;, the set of d x d symmetric matrices, p,x € Rd, W € R,
f e C1(K)N C?(z) and the function Fy is given by

Fo(X,p,Z(f,2), W,2) i= Str A@)X + pl@)p + T(f,2) - BW

where A(z) is the matrix with AY (z) := oY 2’2’| pi(z) == plat, 1 <i,j < d.
In a more detailed form we have that

F( » Py (f7 Z G/U ]X”-i-Zulxlpl—&-I ) ﬂW
1,j=1

Note that Fj is increasing in the argument f in the same sense as Z.
If ¢ is a smooth function, we put

Lo(z) = F(¢"(x),¢ (), L(¢,z), d(x), ).

In a similar way, £y corresponds to the function Fj.
We show, under mild hypotheses, that W is the unique viscosity solution of the
Dirichlet problem for the HJB equation

F(WH(JZ)7 Wl(gr:)7I(I/V7 z),W(z),z) =0, T € int K, (5.12)
W(z) =0, x € 0K, (5.13)

with the boundary condition understood in the usual classical sense.



6 Viscosity Solutions for Integro-Differential Operators

Since, in general, W may have no derivatives at some points = € intK (and this
is, indeed, the case for the model considered here), the notation (5.12) needs to be
interpreted. The idea of viscosity solutions is to substitute W in F' by suitable test
functions. Formal definitions (adapted to the case we are interested in) are as follows.

A function v € C(K) is called viscosity supersolution of (5.12) if for every = € int K
and every f € C1(K)NC?(z) such that v(x) = f(x) and v > f the inequality £f(z) < 0
holds.

A function v € C(K) is called wiscosity subsolution of (5.12) if for every = € int K
and every f € C1(K)NC?(z) such that v(x) = f(x) and v < f the inequality £f(z) > 0
holds.

A function v € C(K) is a viscosity solution of (5.12) if v is simultaneously a viscosity
super- and subsolution.

At last, a function v € C1(K)NC?(int K) is called classical supersolution of (5.12)
if Lv <0 on int K. We add the adjective strict when Lv < 0 on the set int K.

For the sake of simplicity and having in mind the specific case we shall work on,
we incorporated in the definitions the requirement that the viscosity super- and sub-
solutions are continuous on K including the boundary. For other cases this might be
too restrictive and more general and flexible formulations can be used.

Lemma 6.1 Suppose that the function v is a viscosity solution of (5.12). If v is twice
differentiable at xo € int K, then it satisfies (5.12) at this point in the classical sense.

Proof. One needs to be more precise with definitions since it is not assumed that v’ is
defined at every point of a neighborhood of zg. “Twice differentiable” means here that
the Taylor formula at xg holds:

v(x) = Pa(z — x0) + (x — x0)*h(|x — o))
where
Pa(x — x0) = v(x0) + (V' (20), ® — m0) + %(v"(xo)(:c — xp), T — o)

and h(r) — 0asr | 0.

We introduce the notation I := {z € R? : |diagzoz| < 7}, r > 0.

Let € > 0. We choose a number dp €]0, 1] such that |h(s)| < e for s < §p and define
d :=d0/(1+|zol|). Take A €]4, 1] sufficiently close to ¢ to insure that zg+ O (0) C K,
IH(OA(0)\ O5(0) <e,and II(I'a\ Ts) <e.

We define the function f- € C1(K) N C?%(xg) by the formula

Po(x — xg) + e(x — 960)27 x € zo + O(0),

fe(@) = ¢ g(2) Vo(z), z € 79 + 0A(0) \ O5(0),
v(x), z € zo + 0Z(0),
where 5| |
L Tr — X0 —|T —Xp
g(z) = P (67@ — SCO|) +ed+ Tk

Clearly, fe(zo) = v(zo) and fe > v. Since v is a viscosity subsolution, Lfe(zo) > 0.
Note that,

Lfe(z0) — Lo(zo)| < e a™(xh)” + |[Z(fe — v, 20)].
=1
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It is not difficult to show that |Z(fe — v, z0)| is also proportional to e. Indeed,

IZ((fe = v)1o,(0), %0)| < elzol? / 2211(dz).
JO1(0)

Due to the choice of A we have the bound
IZ((fe = v) oA 0)\05(0): T0)| < 2MII(OA(0) \ O5(0)) < 2Me,

where M is the supremum of v on the ball zg + O, (0).
Since

| fe(xo + diag zoz) — v(zo + diag zoz)| < 6|:co|2|z|2, z € I's \ I,

we get that
[T = Dlogonrams o)l <eleof® [ Ja11(d2)
01(0)
Also we have

1Z((fe = v)log (0)nra\rs> o)l < (2m +e)lI(Ia\ I5) < (2m + €)e,

where m is the supremum of v on the ball zg+ O1(0). Letting ¢ tend to zero, we obtain
that Lv(zg) > 0. Arguing similarly with ¢ < 0, we get the opposite inequality. O

7 Jets

Let f and g be functions defined in a neighborhood of zero. We shall write f(.) < g(.)
if f(h) < g(h)+ o(|h|?) as |h| — 0. The notations f(.) 2 g(.) and f(.) =~ g(.) have the
obvious meaning.

For p € R% and X € S, we consider the quadratic function

Qpx(2) ==pz +(1/2)(Xz2), z€R,
and define the super- and subjets of a function v at the point x:

To(@)

JTv (
J v(x)

(

B
):

(z+.)
(z+.)

v(@) + @px ()}

= {
= { v(z) + Qp x ()}

QV QA

p,X): v
p,X): v

In other words, J1v(x) (resp. J w(x)) is the family of coefficients of quadratic
functions v(x) + Qp x (y — .) dominating the function v(.) (resp., dominated by this
function) in a neighborhood of the point z with precision up to the second order
included and coinciding with v(.) at this point.

In the classical theory developed for differential equations the notion of viscosity
solutions admits an equivalent formulation in terms of super- and subjets. Since the
latter are “local” concepts, such a characterization is not possible for integro-differential
operators. Nevertheless, one can prove the following useful result.
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Lemma 7.1 Let v be a viscosity supersolution of the HJB equation and let x € int K.
Let (p, X) € J~v(x). Then there is a function f € C1(K)NC?(x) such that f'(x) = p,
() =X, f(z) =v(zx), f <v on K and, hence,

F(X,p,Z(f,x),W(z),z) <O0.

Moreover, this function f can be chosen equal to v outside of an arbitrary small neigh-
borhood of x.

Proof. Take r > 0 such that the ball O2,(z) = {y : |y — 2| < 2r} lays in the interior
of K. By definition,

v(z +h) —v(@) — Qp x (h) > |k ¢(|h)),

where p(u) — 0 as u | 0. We consider on |0, r[ the function

1 _ _
6(u):= sup o (v(z+h)—v(r) - Qpx(h) < sup @ (y)
{h: |nj<uy |Rl {y: 0<y<u}
where a” := (—a) V 0. Obviously, § is continuous, increasing and d(u) — 0 as u | 0.

The function

2u  p2n
Awy =3 [ [ ste)dedn
u Jn

vanishes at zero with its two right derivatives; u20(u) < A(u) < u?5(4u). It follows
that the function x — A(|z|) belongs to C2(O,(0)), its Hessian vanishes at zero, and

v(z + h) —v(z) — Qp x (k) > —|h[*8(|h]) > —A(|h]).

Thus, f(y) = v(z) + Qp,x(y — ) — A(J]y — z|) is dominated by v(y) in the ball
Or(z) ={y: |ly—=z| <r} We put f(y) = v(y) outside of the ball Og,(z). We can
extend f continuously to the remaining set Oa.(z) \ Or(z) preserving the inequality
f<v. O

For subsolutions we have a similar result with the inverse inequalities.

8 Supersolutions and Properties of the Bellman Function
8.1 When is the Bellman Function W Finite on K?

First, we present sufficient conditions ensuring that the Bellman function W of the
considered maximization problem is finite.
Functions we are interested in are defined in the solvency cone K while the process
V' which may jump out of the latter. In order to be able to apply later the It6 formula
we stop V. = V¥T at the moment immediately preceding the ruin and define the
process
V=V"" = VI + Vol oo,

where 0 is the exit time of V' from the interior of the solvency cone K. This process
coincides with V on [0, 6] but, in contrast to the latter, either always remains in K
(due to the stopping at 6 if Vy_ € int K) or exits to the boundary in a continuous way
and stays on it at the exit point.
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It follows from the definitions (2.2) and (2.6) that
~ t ~
Vi=v+ / I10,01(s)diag Vs (psds + Zdws)
JO
t
—|—/ /diag Vi zI(Vs—, z)(p(dz,ds) — q(dz,ds)) + By — C.
0

Let @ be the set of continuous functions f : K — R4 increasing with respect to
the partial ordering > and such that for every z € int K and m € A% the positive
process X/ = X% given by the formula

X} =P + T, (8.14)

where V = V®7  is a supermartingale.

The set @ of f with this property is convex and stable under the operation A (recall
that the minimum of two supermartingales is a supermartingale). Any continuous
function which is a monotone limit (increasing or decreasing) of functions from @
also belongs to &.

Lemma 8.1 (a) If f € @, then W < f;
(b) if a point y € OK is such that there exists f € @ such that f(y) =0, then W is
continuous at y.

Proof. (a) Using the positivity of f, the supermartingale property of X f, and, finally,
the monotonicity of f we get the following chain of inequalities leading to the required
property:

BJT < BEX] < f(Vo) = f(Vo) < f(Vo-) = f(=).

(b) The continuity of the function W at the point y € JK follows from the inequal-
itless 0 <W < f. O

Remark. Recall that a concave function is locally Lipschitz continuous on the interior
of its domain, i.e. on the interior of the set where it is finite. Thus, if W is concave
function and @ is not empty, then W is continuous (and even locally Lipschitz contin-
uous) on int K. The concavity of W holds in the case where the price process has no
jumps.

Lemma 8.2 Let f : K — Ry be a function in C1(K) N C%(int K). If f is a classical
supersolution of (5.12), then f € ®,1i.e. X' isa supermartingale.

Proof. First, notice that a classical supersolution is increasing with respect to the
partial ordering > . Indeed, by the finite increments formula we have that for any
z,h € int K

f(z+h)— f(z) = f'(x+Oh)h

for some ¢ € [0,1]. The right-hand side is greater or equal to zero because for the
supersolution f we have the inequality Zg(f'(y)) < 0 whatever is y € int K, or,
equivalently, f'(y)h > 0 for every h € K, just by the definition of the support function
X' and the choice of G as a generator of the cone — K. By continuity, f(z+h)—f(z) >0
for every z,h € K.
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Applying the “standard” Ité formula to efﬁtf(f/t) we obtain that
t

e BLE(T) = +/ e B3 (Vo )dVs —ﬁ/ e B3 f(V,_)ds
0

+7/ e B3tr A(Vs) f" (Vs—)ds

+Ze f(VS, +AV5) f(f/sf) —fl(VS,)Af/s]_

s<t
Note also that

> e Pl (Vae + AVs) — f(Var) = f' (Vs ) AVl ap,—0}

s<t

/ / BN (Vae, 2) I A, =0y Tj0.0)(5)p(d2, )

/ / L (Viny 2 2)11g,0) ()11 (dz)ds

/ / N (Vs ) a0y Tj0.01(5)(pldz, ds) — TT(d=)ds),

where we replace in the integrals by dots the lengthy expression
F(Vs 4 diag Vs—z) — f(Vs—) — f(Vs_)diag Vs_z

Using the above formulae we obtain after regrouping terms the following representation
for th = e PLE(V) + T

tAO
x{ = f() + / P Lo f (V) — esf (Vo) + Ulcs)lds + Ry + g, (8.15)
JO
where
tAO ~
Ry = / eI WV )aBE+ S e PIF(Vee + ABS) - [(Vas)] (8.16)
J0 s<t

and m is the local martingale
tAO
me :/ e B3 £ (V,_)diag Vs Edws
0
ST N - . _
[ [T + ding Vi) — ST (T )0z, d) — T(d2)ds).

0

By definition of a supersolution, for any x € int K,
Lof(z) < ~U"(f'(2)) < ef (x) = U(c) VeeC.

Thus, the integral in (8.15) is a decreasing process. The process R is also decreas-

ing. Indeed, the terms of the sum in (8.16) are less or equal to zero in virtue of the
monotonicity of f and

F'(Veo)dBS = It ap,—oy f (Ve ) Bsd]| Bl|s
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where f’(Vs_)BS < 0 since B takes values in —K. Let o, be a localizing sequence for
m. Taking into account that X7 >0, we obtain from (8.15) that for each n the negative
decreasing process R¢ng,, dominates an integrable process and so it is integrable. The
same conclusion holds for the stopped integral. Being a sum of an integrable decreasing
process and a martingale, the process X;,, is a positive supermartingale and, hence,

by the Fatou lemma, Xfisa supermartingale as well. O

Lemma 8.2 implies that the existence of a smooth positive supersolution f of (5.12)
ensures the finiteness of W on K. Sometimes, e.g., in the case of power utility function,
it is possible to find such a function in a rather explicit form.

Remark. Let O be the closure of an open subset O of K and let f : O — Ry be a
classical supersolution in O. Let € O and let 7 be the exit time of the process V7
from O. The above arguments imply that the process thm_ is a supermartingale and,
therefore,

Ele P £ (Ving) + Jiar) < (@) (8.17)

8.2 Strict Local Supersolutions

For the strict supersolution we can get a more precise result which will play the crucial
role in deducing from the Dynamic Programming Principle the property of W to be a
subsolution of the HJB equation.

We fix a ball Or(z) C int K such that the larger ball Os,.(z) C int K and define
77 =17 as the exit time of V™7 from O, (z), i.e.

T=inf{t>0: |V —z| >}

Lemma 8.3 Let f € C1(K) N C?(Oq,(x)) be such that Lf < —e < 0 on Or(x). Then
there exist a constant n =ne > 0 and an interval |0, tg] such that

sup EXJ/\:C_: < f(z) —nt vt €]0, to].
TEAZ

Proof. We fix a strategy m and omit its symbol in the notations below. In what follows,
only the behavior of the processes on [0, 7] does matter. Note that |V: —z| > r on the
set {T < co}. As in the proof of Lemma 8.2, we apply the Itd formula and obtain the
representation

th/\T = eiﬁ(tAT)f(‘;;f/\T) + Jgr/\‘r

tAONT 5
— fa) +/ P Lf(Va)ds
0
tAONT 5
- /0 e_ﬁs[U*(Vs) + Csfl(vs) - U(Cs)]ds + Riar + minr.

Due to the monotonicity of f we may assume without loss of generality that on the
interval [0, 7] the increment AB; does not exceed the distance of Vs to the boundary
of Or(z). In other words, if the exit from the ball is due to an action (and not because
of a jump of the price process), we can replace this action by a less expensive one,
with the jump of the process V in the same direction but a smaller one, ending on the
boundary of the ball.
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By assumption, for y € Or(x) we have the bounds Lf(y) < —e (helpful to estimate
the first integral in the right-hand side) and Xg(f'(y)) < —e. The latter inequal-
ity means that kf’(y) < —¢l|k| for every k € —K (therefore, we have the inclusion
' (Or(x)) C int K*). In particular, for s € [0, 7]

f/(st)Bs < —5|BS|7 [f(vsf + ABs) — f(vsf)] < —¢|ABs|.

Since |Vs— — x| < 7 for s € [0, 7], we obtain, using the finite increment, formula and the
linear growth of f the bound

[f(Vs— + diag Vs—z) — f(Vs-)lI(Vs—,2) < H1|Z|21{\z\g1/2} + Kozl I{2> 12}

It follows that the local martingale (m¢a+) is a martingale with miar = 0.
The above observations imply the inequality

EX[E < f(x) — e PPEN,

where
tAT

tAT
Ny:=e(tAT)+ | H(cs,f’(Vs))ds+s/0 |Bs|d||B]|s
with H(c,p) :== U*(p) + pc — U(c) > 0. It remains to verify that EN; dominates, on a
certain interval ]0, o], a strictly increasing linear function which is independent of .

The process N¢ looks a bit complicated but we can replace it by another one of a
simpler structure. To this end, note that there is a constant s (“large”, for convenience,
x > 1) such that

inf H(c,p) > kY, VeelC, e > k.
pEf(Or(x))

Indeed, being the image of a closed ball under continuous mapping, the set f/'(Or(z))
is a compact in int K*. The lower bound of the continuous function U* on f'(Or(z))
is finite. For any p from f'(Or(x)) and ¢ € C C K we have the inequality (c/|c|)p > ¢.
At last, U(c)/|c| — 0 as ¢ — co. Combining these facts we infer the claimed inequality.
Thus, for the first integral in the definition of N; we have the bound

tAT

tAT
H(cs, f'(Vs))ds > /»fl/ Ifje. >y loslds.
0 0

The second integral in the definition dominates x1||B||ta+ for some k1 > 0. To see
this, let us consider the absolute norm |.|; in R®. In contrast with the total variation
||B|| calculated with respect to the Euclidean norm |.|, the total variation of B with
respect to the absolute norm admits a simpler expression ), Var B' where Var B is
the total variation of the scalar process Bt Obviously,

Bh=2_1B"=3 =2

% %

dB’
dVar B?

dB?
d||B||

dVar B dY; Var B
d|| Bl d|| Bl|

But norms in R? are equivalent, i.e. & ![.| < |.|i < &|.| for some strictly positive

constant <. The same inequalities relate the corresponding total variation processes.

The claimed property follows from here with the constant k1 = 2.
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Summarizing, we conclude that it is sufficient to check the domination property for
EN; with

tAT
Ny ::t/\T+/ I{|cs\2fc}|65|d8+ ||B||t/\~,-. (818)
0

These processes N have a transparent dependence on the control. The idea of the
concluding reasoning is very simple: on a certain set of strictly positive probability,
where one may neglect the random fluctuations, either 7 is “large”, or the total vari-
ation of the control is “large”: one can accelerate exit only by an intensive trading or
consumption.

The formal arguments are as follows. Using the stochastic Cauchy formula (2.4)
and the fact that 1 (Y?) = & (Y?) = 1, we get immediately that there exist a number
to > 0 and a measurable set I" with P(I") > 0 on which

VT — | <r/248(BI| + ||CIl) o [0, ]

whatever is the control @ = (B, C). Of course, diminishing t(, we may assume without
loss of generality that xktg < r/(46). For any ¢ < ty we have on the set I'N{r <t} the
inequality ||B||~ + ||C||+ > r/(2J) and, hence,

-
< r
N 2 1Bl + 1€l = [ e <uleskds > 55 = st > nto > to > .
0 ° 25
On the set I'N {7 > t} the inequality Ny > t is obvious. Thus, EN; > tP(I") on [0, to]
and the result is proven. O

9 Dynamic Programming Principle

The aim of this section is to establish the following two assertions which will serve
to derive the HJB equation for the Bellman function. For the considered model, they
constitute an analog of the classical Dynamic Programming Principle. The latter is
usually written in the form of a single identity (see the remark at the end of the
section), but for our purpose this form, more precise, is needed.

Lemma 9.1 Let Ty be the sets of finite stopping times. Then

< inf E(JF +e P7 A . 1
W) < s inf B(7 + W <o) (9.19)

Lemma 9.2 Suppose that W is continuous on int K. Then for any T € Ty

W(z)> sup E (J;f +e_BTW(fo)I{T<9}) . (9.20)
TEAZ -

We work on the canonical filtered space of cadlag functions equipped with the
measure P which is the distribution of the driving Lévy process. The generic point
w = w. of this space is a d-dimensional cadlag function on R4, zero at the origin.
Let 7y = o{ws, s <t} and Fy := NexoFre. We add the superscript P to denote o-
algebras augmented by all P-null sets from (2. Recall that f:’P coincides with .7-",5P (this
assertion follows easily from the predictable representation theorem). The Skorohod
metric makes {2 a Polish space and its Borel g-algebra coincides with Fo, for details
see [16].
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Since elements of {2 are paths, we can define such operators as the stopping w. — w?,
s > 0, where w® = wsa. and the translation w, — ws+. — ws. Taking Doob’s theorem
into account, one can describe Fg-measurable random variables as those of the form
g(w.) = g(w?) where g is a measurable function on (2.

We define also the “concatenation” operator as the measurable mapping

g Ry xN2x0N2— 0

with gi(s,w., @) = wil[g s[(t) + (Dt—s + ws)I[5 0o[ (1)
Notice that
gt(s,w’ w s —ws) = wr.

Thus, m(w) = m(g(s,w’,w.4s — ws)).
Let m be a fixed strategy from A% and let § = %™ be the exit time from int K for
the process V*7.,

Recall the following general fact on regular conditional distributions.

Let £ and n be two random variables taking values in Polish spaces X and Y
equipped with their Borel o-algebras X and ). Then £ admits a regular conditional
distribution given n = y which we shall denote by p5|n(F7 y). This means that pg‘n(., Y)
is a probability measure on X, pgm(ﬂ .) is a Y-measurable function, and

E(f(E,m)n) = / f@wpendny)|  (as)

Yy=n

for any X x Y-measurable function f(z,y) > 0.

We shall apply the above relation to the random variables ¢ = (w. 4 — ws) and
n = (r,w”). It is well-known that the Lévy process starts afresh at stopping times,
i.e. the measure P(.) itself (not depending on y) is the regular conditional distribution
pg\n(-v y) .

At last, for fixed s and w®, the shifted control 7 45(g(s,w?,©.)) is admissible for
the initial condition V:;Tr (w). Here we denote by @. a generic point of the canonical
space.

Proof of Lemma 9.1. For arbitrary = € Az and 7; we have that

o0
EJT = EJT +Ee*‘”1{7<9}/0 e PTU(cryr )dr

o0
= EJT +Ee*‘”1{7<9}E(/ e PU(cpyr)dr
0

(re").

According to the above discussion we can rewrite the second term of the right-hand
side as

oo
Eeiﬁ‘rl{7<9}/ (/O eiﬁrU(Cr-l-‘r(g(vatGj)))‘”) P(dw)
and dominate it by E67571{7<9}W(fo). Thus,
EJ% < BJF + Ee PTI cyW(VET).

This bound leads directly to the first announced inequality. O

Proof of Lemma 9.2. Fix € > 0. By hypothesis, the function W is continuous on int K.
For each z € int K we can find an open ball Or(z) = z + Or(0) with r = r(e,z) < ¢
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contained in the open set {y € int K : |W(y) — W(z)| < €}. Moreover, we can find a
smaller ball Oz(x) contained in the set y(z)+ K with some y(x) € Or(z). Indeed, take
an arbitrary zg € int K. Then, for some ¢ > 0, the ball g + O5(0) C K. Since K is a
cone, Azg + Oxs(0) C K for every A > 0 and this inclusion implies that

x4+ 0)(0) Cxz—Azg+ K

Clearly, the requirement is met for y(z) = © — Azg and 7 = Ad when A|zg| < 7 and
A§ < r. The family of sets Oj(,)(z), = € int K, is an open covering of int K. But any
open covering of a separable metric space contains a countable subcovering (this is
the Lindel6f property; in our case, where int K is a countable union of compacts, it is
obvious). Take a countable subcovering indexed by points x5. For simplicity, we shall
denote its elements by On and y(xn) by yn. Put A; = O, and An = On \ Ug<n Ok
The sets Ay, are disjoint and their union is int K.

Let 7™ = (B™,C™) € AY" be an e-optimal strategy for the initial point yp, i.e.
such that

EJ3 > W(yn) —e.

Let m € A} be an arbitrary strategy. We consider the strategy 7 € A% defined by the
relation

F=mlg+ Y [yn = VET0) + 7" U cola, (V) - <0y
n=1

where 7" is the translation of the strategy 7"": namely, for a point w. with 7(w) = s < oo
we have

AP () = TP (wps — ws).
In other words, the strategy 7 coincides with 7 on [0, 7[ and with the shift of 7™ on

|7, 00 when V™ is in Ap; the correction term guarantees that in the latter case the

trajectory of the control system corresponding to the control 7 passes at time 7 through
the point yn.
Now, using the same considerations as in the previous lemma, we have:

~ > oo
W(z) > EJ% = EJT+ Y Elx, (VI <p) / e PUE)ds
Jr

n=1

> BT+ ElLy, (V) <pe” 7T (W (yn) —€)

n=1

> BJF + Be TW(VET) <y — 2.

Since m and ¢ are arbitrary, the result follows. O

Remark. The previous lemmas imply that for any 7 € 77 the following identity holds:

W(z) = Seujl) E (J;r + e_BTW(Vf;ﬁ)I{.,.Sg}) .
TEAZ

It can be considered as a form of the dynamic programming principle but, seemingly,
it is not sufficient for our derivation of the HJB equation.
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10 The Bellman Function and the HJB Equation

Theorem 10.1 Assume that the Bellman function W is in C(K). Then W is a vis-
cosity solution of (5.12).

Proof. The claim follows from the two lemmas below. O
Lemma 10.2 If (9.20) holds then W is a viscosity supersolution of (5.12).

Proof. Let « € int K. Choose a test function ¢ € C1(K)NC?(z) such that ¢(z) = W ()
and W > ¢. Take r €]0, 1] small enough to ensure that the ball Oz,(z) C K and ¢ is
smooth on O, ().

At first, we fix an arbitrary point m € K. Let € > 0 be sufficiently small to
guarantee that x — em € Op(z). The function W is increasing with respect to the
partial ordering generated by K. Thus,

o(x) =W(zx) > W(x —em) > ¢(x —em).
Taking a limit as ¢ — 0, we easily obtain that —m¢’(z) < 0 and, hence, Xg(¢'(x)) < 0.
Take now 7w with By = 0 and ¢t = ¢ € C. Let 7 = 77 < 0 be the exit time of the

process V = V& from the ball Or(z); obviously, 7 < 6. The properties of the test
function and the inequality (9.20) imply that

8(a) = W) 2 B (ipr, +¢ W (Vinr, o)
> B (Jinr, + ¢ N 0(Vinr, ) -
We get from here using the It formula (8.15), that
tAT,
028 ([ e P Ut e o(Vinr, ) ) - o(o)
0

tAT,
=P /0 e P [Log (V) — ed' (Va) + U(c)lds

Vv

> min [£00(y) — o/ (v) + V(L2 {% (1- G-WW)} .

Dividing the resulting inequality by ¢ and taking successively the limits as ¢t and r
converge to zero we infer that Lo¢(x) — c¢’(x) + U(c) < 0. Maximizing over ¢ € C
yields the bound Lo¢(x) + U*(¢'(z)) < 0 and, therefore, W is a supersolution of the
HJB equation. O

Lemma 10.3 If (9.19) holds then W is a viscosity subsolution of (5.12).

Proof. Let € int K and let ¢ € C1(K) N C?(x) be a function such that ¢(x) = W ()
and W < ¢ on O. Assume that the subsolution inequality for ¢ fails at . Thus, there
exists € > 0 such that £¢ < —e on some ball Or(z) C int K. By virtue of Lemma 8.3
(applied to the function ¢) there are ty > 0 and 1 > 0 such that on the interval ]0, o]
for any strategy m € A%

E (Ji?r/\‘r’r + 6_67—”(75(‘/15?:“)) < ¢(z) — nt,
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where 77 is the exit time of the process V*™ from the ball Or(z). Fix arbitrary
t €]0, to]. By the second claim of Lemma 9.1) there exists m € Ag such that
_ 1
W(a) < B (I + ¢ WVED) + 3t

for every stopping time 7, in particular for 77.

Using the inequality W < ¢ and applying Lemma 8.3 we obtain from the above
relations that W (x) < é(z) — (1/2)nt. This is a contradiction because at the point z
the values of W and ¢ are the same. O

11 Uniqueness Theorem

Before formulating the uniqueness theorem we recall the Ishii lemma.

Lemma 11.1 Let v and ¥ be two continuous functions on an open subset O C R
Constider the function A(z,y) :=v(z) — 9(y) — %n|m —y|?> with n > 0. Suppose that A
attains a local mazimum at (Z,y). Then there are symmetric matrices X and Y such
that

(@ -9).,X) e J @), (M@-7),Y)e T 3(@),

(‘;(_2,) g:m(_{r _II) (11.21)

In this statement I is the identity matrix and JTv(z) and J v(z) are values of
the set-valued mappings whose graphs are closures of graphs of the set-value mappings
Jtv and J v, respectively.

Of course, if v is smooth, the claim follows directly from the necessary conditions
of a local maximum (with X = v”(Z), Y = ¢” (%) and the constant 1 instead of 3 in
inequality (11.21)).

The inequality (11.21) implies the bound

and

tr (A(z)X — A(y)Y) < 3n]A| 2|z — y|? (11.22)

which will be used in the sequel (for the proof see, e.g., Section 4.2 in [19]).

The following concept plays a crucial role in the proof of the purely analytic result
on the uniqueness of the viscosity solution which we establish by a classical method of
doubling variables using the Ishii lemma.

Definition. We say that a positive function £ € C1(K) N C?(int K) is the Lyapunov
function if the following properties are satisfied:

1) ¢'(z) € int K* and Lol(z) < 0 for all x € int K,

2) £(x) — o0 as |z| — oo.

In other words, £ is a classical strict supersolution of the truncated equation
(without the term U™), continuous up to the boundary, and increasing to infinity at
infinity.

Theorem 11.2 Assume that the jump measure IT does not charge (d—1)-dimensional
surfaces. Suppose that there exists a Lyapunov function £. Then the Dirichlet problem
(5.12), (5.13) has at most one viscosity solution in the class of continuous functions
satisfying the growth condition

Wi(x)/l(x) — 0, |z|] — oo. (11.23)
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Proof. Let W and W be two viscosity solutions of (5.12) coinciding on the boundary
OK. Suppose that W (z) > W (z) for some z € K. Take € > 0 such that

W(z) — W(z) — 2el(z) > 0.

We introduce a family of continuous functions Ay, : K x K — R by putting

Ane,y) = W(@) = W(y) = gole — yl? — ell@) + (), n >0,

Note that An(z,z) = Ag(z,z) for all x € K and Ag(x,z) < 0 when z € 9K. From
the assumption that the function ¢ has a higher growth rate than W we deduce that
Apn(z,y) — —o0 as |z|+ |y| — oo. It follows that the level sets {A, > a} are compacts
and the function A, attains its maximum. That is, there exists (zn,yn) € K X K such
that
An(tn,yn) = Ap =  sup  Ap(z,y) > A:= sup Ag(z,z) > 0.
(z,y)EKXK zeK

All (zn,yn) belong to the compact set {(z,y) : Aog(z,y) > 0}. It follows that the
sequence n|rn — yn|2 is bounded. We continue to argue (without introducing new
notations) with a subsequence along which (zn,yn) converge to some limit (Z, 7).
Necessarily, n|@n, — yn|? — 0 (otherwise we would have Ag(Z,%) > A). It is easily seen
that Ap, — Ag(Z,7) = A. Thus, 7 is an interior point of K and so are xy, and yp for
sufficiently large n.

By virtue of the Ishii lemma applied to the functions v:= W —ef and ¥ := W + ¢
at the point (zn,yn) there exist matrices X" and Y satisfying (11.21) such that

(n(xn —yn), X™) € Jto(zn),  (n(zn—yn),Y"™) € J 0(yn). (11.24)
Suppose for a moment that
(n(an —yn) X" € THo(@n),  (n(wn —ya),Y") € T 6(yn). (11.25)

Using the notations pr, := n(xn —yn) + €' (2n), ¢n = n(xn —yn) — el (yn) and putting
Xn = X" + el (xn), Yo := Y™ — &l (yn), we may rewrite the last relations in the
following equivalent form:

(pn, Xn) € JTW (1), (gn, Yn) € J W (yn). (11.26)

Since W and W are viscosity sub- and supersolutiops, one can find, according to
Lemma 7.1 the functions f, € C1(K) N C?(zn) and fr, € C1(K) N C?(yn) such that
f’lll(xn) = Pn, ’I/l/(xn) :~X’n«7 f@(xn) ~: W(xn)v f'n« S W on K7 and f’lll(y'n«) = Qqn;

~7/7//(y7l) = Yn7 f’ﬂ(yn) = W(yn)7 fn Z W on I(7
F(Xn7pn7z(fn7mn)yw(xn)yxn) >02> F(Yn7Qn7I(fnvyn)7 W(yn)ﬂl/n)‘

The second inequality implies that mgn, < 0 for each m € G = (—K) N 901(0). But
for the Lyapunov function ¢'(z) € int K* when z € int K and, therefore,

mpn = mgn + em (' (zn) + ¢ (yn)) < 0.
Since G is a compact, X (pn) < 0. It follows that

FO(Xﬂ7p7l7I(f7l7 x")7 W(x’ﬂ)7 :L'n) + U* (pn)
Fo(Yn, qnvl—(fny Yn), W(yn), Yn) + U* (qn)

)

0
0.

IN IV
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Recall that U* is decreasing with respect to the partial ordering generated by C* hence
also by K*. Thus, U*(pn) < U*(qn) and we obtain the inequality

bp = FO(Xﬂ7p7l7I(f’ﬂ7x")7 W(xn)7x’ﬂ) - FO(Yn7qn7I(fn7yn)7W(yn)7yn) > 0.

Clearly,
b= 3 (ki XI — a0 Y p e~ 02)?
i,j=1 i=1
1 -
—§5n|$n - yn|2 — BAn(zn,yn) + Z(fn — b, zn) — L(fn +&l,yn)
t+e(Lol(zn) + Lol(yn)).
By virtue of (11.22) the first term in the right-hand side is dominated by a constant
multiplied by n|xn — yn|2; a similar bound for the second sum is obvious; the last term

is negative according to the definition of the Lyapunov function. To complete the proof,
it remains to show that

limsup (Z(fn — e, 2n) — Z(fn + €l,yn)) < 0. (11.27)

n

Indeed, with this we have that limsup b, < —8A < 0, i.e. a contradiction arising from
the assumption W (z) > W (z).
Let

Fn(z) = [(fn —el)(zn + diag znz) — (fn — €l)(zn)

—diagn(fh — =) (wn) | 1(2,20),

Fu(2) 1= [(Fa+ £0)(yn + diag yaz) = (Fa +<0)(yn)
~diag yn=(fh + £€')(yn) | 1(2,ym).
and Hy(z) := Fy(z) — Fy(z) With this notation

Tl etyan) = T+ etoym) = [ Ha(2)1T(d2)

and the inequality (11.27) will follow from the Fatou lemma if we show that there is a
constant C' such that for all sufficiently large n

Hn(2) < C(|2| A2]?) forall z € K (11.28)

and
limsup Hn(z) <0 II-as. (11.29)
n

Using the properties of f,, we get the bound:
Fa(z) < [(W — el)(an + diag znz) — (W — eb)(zn)
—diag xnzn(zn — yn)|I(z,zn)

Since the continuous function W and ¢ are of sublinear growth and the sequences x
and n(xn — yn) are converging (hence bounded), absolute value of the function in the
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right-hand side of this inequality is dominated by a function ¢(1 + |z|). The arguments
for —Fy(z) are similar. So, the function Hy is of sublinear growth.
We have the following identity:

Hy(z) = (An(zn + diag znz, yn + diagynz) — An(zn, yn)
+(1/2)nldiag (@n — yn)z[*)I (z,2n)I (2, yn)
+(fn(zn + diagxnz) — W(zn + diag £n2))I(z,2n)1 (2, yn)
—(fu(yn + diagynz) — W (yn + diagynz))I(z,2n)1(2, yn)
+Fn(2)(1 = 1(2,yn)) — Fu(2)(1 = I(2,20)).

The function A(zx,y) attains its maximum at (zn,yn) and fn < W, fn > W. Tt follows
that

Hu(2) < (1/2)nfan = ynl?|2* + Fa(2)(1 = 1(2,yn)) = Fa(2)(1 = I(2,20)).

Let 6 > 0 be the distance of the point Z from the boundary K. Then the points
Tn,yn € Os/2(T) for all sufficiently large n and, hence, the second and the third
terms in the right-hand side above are functions vanishing on O1(0). It follows that
for such n the function Hy, is dominated from above on the ball O1(0) by cn|z|? where
en = (1/2)n|zn — yn|?> — 0 as n — co. Therefore, (11.28) holds. The relation (11.28)
also holds because the second and the first terms tends to zero (stationarily) for all z
except the set {z: T + diagZz € K }. The coordinates of points of 9K \ {0} are non-
zero. So this set is empty if T has a zero coordinate. If all components Z are nonzero,
the operator given by the matrix diag Z is non-degenerate and the set in question is of
zero measure II in virtue of our assumption.

However, the reasoning above is based on the assumption (11.25) while we know
only (11.24). Fortunately, we can replace the the objects xn, yn, Xn, Yn by objects Tn,
Un, )?n, Yn approaching rapidly the initial ones and for those (11.25) hold. Repeating
the arguments, we get the same contradiction. O

Remark 1. In the case where the cone K is polyhedral, the hypothesis of the theorem
can be slightly relaxed. Namely, one can complete the proof using the assumption that
the measure IT does not charge hyperplanes.

Remark 2. Note that the definition of the Lyapunov function does not depend on U
and hence the uniqueness holds for any utility function U for which U is decreasing
with respect to the partial ordering induced by K*. However, to apply the uniqueness
theorem one needs to determine the growth rate of W and provide a Lyapunov with a
faster growth.

12 Existence of Lyapunov Functions and Classical Supersolutions

In this section we extend results of [18] on the existence of the Lyapunov function to
the considered case.

Let u € C(R4) N C?(R4 \ {0}) be an increasing strictly concave function with
u(0) = 0 and u(co) = oo. Introduce the function R := —u/?/(u/u). Assume that
R :=sup,-q R(z) < 0.

For p € K* \ {0} we define the function f(x) = fp(z) := u(pz) on K. If y € K and
x # 0, then yf'(z) = (py)u’(pz) < 0. The inequality is strict when p € int K*.
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Recall that A(x) is the matrix with A¥(z) = a¥ 2’27 and the vector u(x) has the
components p'z’. Suppose that (A(z)p,p) # 0. Isolating the full square we obtain the
identity

2,12
Lof(@) = 3 [(A@Ip I () + 2{uta). 1 o) + k2L 00
1 {p(x),p)”
43 B D) Rpayuon) + 2(7,2) - Butpa). (1230

Note that for z,diag zz € int K we have by the Taylor formula that

(f(z + diag z2) — f(z) — diagzzf (z)) = %u”(:c + ddiag xz) (pdiag ar:z:tc)Q7

where ¥ € [0, 1]. Since 4" <0, the expression in the square brackets is negative and so
is the whole right-hand side of the above formula if 3 > n(p) R where

Of course, if (A(z)p,p) = 0 we cannot argue in this way. Nevertheless, if in such a case
also (u(z),p) = 0, then for any 8 > 0 we have the bound Ly f(z) = —Bu(pz) < 0. The
same conclusion holds (for arbitrary concave function v € C!(int K)), if A = 0 and
(p(z),p) <0 for all x € int K.

These simple observations lead us to the following existence result for Lyapunov
functions:

Proposition 12.1 Let p € int K*. Suppose that (u(z),p) vanishes on the set {z €
int K : (A(x)p,p) =0}. If B > n(p)R, then fp is a Lyapunov function. In the absence
of diffusion, fp is a Lyapunov function for arbitrary concave u € ct (int K) provided
that (u(x),p) <0 for all x € int K.

Let 7 := sup,¢ g~ n(p). Note that n(p) = n(p/|p|). Continuity considerations show
that 7 is finite if (A(z)p,p) # 0 for all z € K \ {0} and p € K™ \ {0}. Obviously, if
B > AR, then fp is a Lyapunov function for p € int K*.

The representation (12.30) is useful also in the search of classical supersolutions
for the operator £. Since L£f = Lof + U*(f’), it is natural to choose u related to
U. For a particular case, where C = le_ and U(c) = u(e1c), with u satisfying the
postulated properties (except, maybe, unboundedness) and assuming, moreover, that
the inequality

u*(au' (2)) < g(a)u(z) (12.31)

holds, we get, using the homogeneity of Lg, the following result.

Proposition 12.2 Let (A(z)p,p) # 0 for each x € int K and p € K* \ {0}. Suppose
that (12.31) holds for every a,z > 0 with g(a) = o(a) as a — co. If B > 1R, then there
exists ag such that for every a > ag the function afp is a classical supersolution of
(5.12), whatever is p € K* with pl # 0. Moreover, if p € int K*, then afp is a strict
supersolution on any compact subset of int K.
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For the power utility function u(z) = 27 /v, v €]0, 1], we have

R(z) =v/(1-v) =R,

and u*(av'(2)) = (1 — ’y)(ﬂ/("*_l)u(z). Therefore, the inequality (12.31) holds with
g(a) = o(a), @ — 0.

Let A be a diagonal matrix with qii = ¢'. Suppose that o' = 0, ul = 0 (ie.
the first asset is the numéraire) and o # 0 for ¢ # 1. Then, by the Cauchy—Schwarz
inequality applied to (u(z),p), we have the bound

The inequality
d N\ 2
1 3
B>-—1 (”—) (12.32)

(implying the relation 8 > fR) is a standing assumption in many studies on the
consumption-investment problem under transaction costs, see Akian et al. [1] and Davis
and Norman [13].

In particular, for the model with only one risky asset and the power utility function,
by virtue of the above computations, we have, for the function f(z) = au(pz) given by
p € K* with p* =1, that

2
Lof(@) + U (7' @) = L + (372 — 0+ (1= aO0) @

where [...] <0. This implies the following conclusion.

Proposition 12.3 Suppose that in the two-asset model with the power utility function
the Merton parameter

Then the function

f(@) = iy ey (12.33)

is a classical supersolution of the HJB equation whatever is p € K* with p1 =1.
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