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§<hkryhoj�p u1p�p�� �kj��<q�la�5j£��p ��n:���kj* xn:��Q���1nvw�p ��qa�kn:��zohonvp��<����uvp�n1n:�5j�����ç?j*��p ��n:�5�<j ¡ �Dp!��j.n:�v��~��t� p
�<����qs��~tp �'hkj�~e~�p��v�5z<p�nvw�pxr��v�5� ��jt�)p����yhon:�5�<jc�Q�k��¸�p �1�o·?���<��r\�<je{\�<j�~�u���ë�j�hk�5�<�<�v��nvw�q n:�au1�<�5z<p
n:wt��u!p ���yhonv���<j��5u!p�Ä�r��0ho��j�p�~���jº��p���nv���<j î ��õ�Äthoqsr��5p u��o�Ll���p �5~i� ���	z<p uxho�vp��<��z<p j��5jØ��p ��n:���kj ¶ �
��p���n:�5�<j Û p�Ä�n:p jt~�u�n:wtpsqa��~tp �Lnv�i�5j�nv�v��~�����pshkj��knvw�p �u1n�h�n:paz�hk�v��hk{���pS��w����5p)nvw�psuvwt�<�1n%�:hon:pa�5u
uv�5p p�r���j��)�5j � ����p ��n:�5�<j � � �<j�������~tp u�nvw�phk�1nv������pk�
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¨ Ù�©�ªXd Ë[Z Ð À�º�»�luk�x�|cq�Â�t3��qs��±�qsr�à�¯A°A¯wk�xÉ�o+npo+xy�0'o9luqv�
à�±A±wkJx�É�o+x��po+r��áA±A±A±F�
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¨ Ù�©�ªXd Ë[_ ÐU` t9x�~�jh���1k�xbaAo+~�kmt9x�r�o+~uq�|ct9��n�t9�hx��hqc��o+xhx��po+������t3��qsr
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Ã����vu	n#�kn:�x�kp�n+uvp��v�5p u+�k�\nvw�p�uvhkqsp��5p jt�kn:wB�k�Dp�n:�v�tj��#h�n:p ~)n:wtp�~yhon:h�n:�x²kp�p rs�kj��5l%n:wtp���j��Q�<�vqsh�·
n:�5�<ja�5j)n:w�p�r\p �1����~a{\p�n?�Dp p�j ñ �Az<p qS{\p � XA�<èk� hkj�~së!r��v�5�\  �<�kî �*�}p�hk�5uv�w�hk~an:�qPhk²kp�n:w�p�~yh�n�h
qshon:��wa��w�p j£�kj£hjyhon:�5�<jyho�yw��<�5��~yh#l<�&Ãy�v�<q´n:w�p�æ=�LçL�5j�~�p�Ä|���Dp����<qar��tnvp ~sn:wtp!qs�<j.n:w���le�Q� �<qT·
r\�<��jt~�p ~Åhkj�j��yhk����l ¢ hkjt~Çl<p hk�v��l¦��jtíyhon:�5�<j¦�:h�n:p uc�=�vp�uvr\p���n:��z<p ��lAcedCfhgjiGdPNPk hoj�~lced*fnm�OoM�p ¢ �
hkj�~��DpSnv�:hkjtu1�Qp �1�vp�~}ho���In:w�p�uvp)qa�<j.n:w���l�~�hon�hsn:�chrq�~yhk����lsqx�Q�<�vqshon#�µhku1uv��qa��jt�£nvw�pT�vhon:p�u���p �vp
� �kj�u1n:hkj�n��Q�<�Knvw�p��Q�����µqs�kj�n:w}�Quvp�p%Ã&���k���vp�u ¡ hkjt~ î�¢ �

�}pL³��vu1nC���<qar��tnvp ~xnvw�p+u1��qsqshk�	l��o��n:w�p+�k{tn�hk�5j�p ~�~yhon�hx�=uvp�p�¹�hk{��5p X�¢ ��hkjt~xn:wtp+� �k�v�vp��0honv���<jtu
{\p�n?�Dp�p jºzoho�v�0ho{���p�uS�=u1p pS¹�hk{��5pT  ¢ ������jt� p%nvw�p�~yhon�hsuvp�n�u1p p�qsu�nv�£{\p�u1r�����n��5j�nF�����\�DpS~�p�� �5~�p ~
n:�P���<j�uv�5~�p ��ha³y�1u1n�u1p�n��k�+~�hon�hs��j.n:���'n:w�p%³��vu1n�nv��qapx�Dp��<p�n�{\p �5��� XF� ��j.n:p �1p u	n��:honvpk�\nvw�p��vp�u1n
�k��nvw�p)~�hon�h£{\p ��jt�c� �kj�uv�5~�p �1p ~}hkuxh*uvp�� �<jt~}uvp�n�k��~yhon:ht�T�thkqar��5pS� �k�v�vp��0honv���kj��vp u1���5nvu��Q�<��n:wtp
n?�D�a~yhon:h)u1p�nvu��#hkje{\p��Q�<��j�~e�5jc¹�hk{���p�u ¡ hkjt~ î �

HJILKLM,NPO RUTVKLMWNPO H?t=c cedCfhgjiGdPNPk cedCfnmuOoM*p vwc�IJx�K
g���jt��qS��q � � XA�<� ètX � X   �<� � � · � � �<è  <  · � � �k�<�<� � � �<¡.�<¶
X u1n0y��µ� � � ¶k�<� XA�<� � ¶o� �.� � ¶ · � � �tX  <  · � � �k�   � � � �<�tX  
g�p ~t�0hkj � � ¶k�<� X<X#è � �oÛ �<è � ¡ � � �<�k�<� � � �k�   � � � ¶<¶kè.¶
g�p#hoj X � ÛtX<X X<X#è � ¶oè �.� � è � � �<�kÛtX � � �k�.�k�  �� �<Û   Û
¡ �v~zy��B�  �� ¶k�<� X   � � ¶k¶ �<� � è � � �   î.è � � �   �<¡ ¡ ��  ¶k�<�
gih�Ä���qS��q Û � �<�<� X�¶o� � �k� XA��X � X � �Ô  ¶k�kÛ � � �k¡<¡tX è � Û<è.¶k�

{ eh_ Ø�Ëe« Ð+| �h���}o+r���t+�a~�j�q���o+~�o

é!���v�5j���nvw�p�³��vu1n+r\p �1����~B�k�Dp��<{�u1p �	z<p�n:wyh�n�hk�5��nvw�p�z�hk�v��hk{���p�u �<p�Ät��p rtn�nvw�p�qs�<j.n:wt�5l%��jtíyhon:�5�<jB�
hk�1p£u	n:�1�<j��<��l}���<�v�1p ��hon:p�~ å {��tnS~����v�5j���n:w�pPuvp ���<j�~Âr\p��v����~ �=��j.n:p��vp u	nS�:honvp u�j�p#hk��¸ p��v� ¢ �Dp£� hkj
wyhk�1~��5lij��kn:�5� p)hkj�l�� �<�1�vp ��hon:�5�<jÅ�Qp�z<p�j}n:wtpa���<�v�1p ��hon:�5�<jº{\p�n?�Dp�p j}n:wtpsò'çFÙ�¥�Ú6hkj�~Øn:wtpa��p j.n:�:ho�
{yhkjt²)�:hon:p���u�qap �vp��5l �oî.�)¢ � ñ �kn:p�nvwyhon�nvw�p!� �<�1�vp��0honv���<ja{\p�nF��p p�j�æ=�Lç��Q��wt����w£�5u�hkjP��jt~�p�Ä|�thkjt~

�



HJILKLMWNPO RUTuKJM,NPO HJt}c cedCfhgjiGdPNPk cedCfnmuOoM�p vGc�ILxuK
HJILKLMWNPO X � � î<�<¡ · � � èkî<¡ � ��  ¶�X � � è<¡<� � � �<�k�
RUTuKJM,NPO � � î.�<¡ X · � � ¶oîtX � � X��oî � � î��k� � � ¶k¡  
HJt=c · � � èoî.¡ · � � ¶�î�X X · � � X�¶k� · � � Û<Ûkî · � � è<è.�
cedCfhgjiGdPNPk � ��  ¶�X � � XA�oî · � � X�¶o� X � � ¡<�.� � ��  Ûk�
cedCfnmuOoM*p � � è<¡<� � � î.�k� · � � Û<Ûoî � � ¡<�.� X � � èkî<Û
vGc�IJx�K � � �<�<� � � ¶o¡   · � � è<è<� � ��  Û<� � � èkî.Û X

{ eh_ Ø�Ë~X Ð À�t9r�ruqs�°o+~�kmt9x�±�qs~ � qsqsx��vo+r�k°o+±h�mqcl-�¤�hr�k�xh��~�jpq � j�t9�mq�n�qsr�kmt��

HJILKLMWNPO RUTuKJM,NPO HJt}c cedCfhgjiGdPNPk cedCfnmuOoM�p vGc�ILxuK
HJILKLMWNPO X � � èk¡.¶ · � � �kè<� � ��  ¶<� � � è<�.¶ � � �.�o¡
RUTuKJM,NPO � � è<¡.¶ X · � � è<�<¶ � ��  î.è � � è<è<� � � è<�k�
HJt=c · � � �oè.� · � � èk�.¶ X · � � XAè<¡ · � � è<�<� · � � è<è<Û
cedCfhgjiGdPNPk � ��  ¶<� � �Ô  î.è · � � XAèk¡ X � ��  ¶kÛ � ��  è�X
cedCfnmuOoM*p � � è<�.¶ � � èkè<� · � � è<�k� � ��  ¶kÛ X � � �<�<¶
vGc�IJx�K � � �.�k¡ � � èk�<� · � � è<èkÛ � ��  ètX � � �<�.¶ X

{ eh_ Ø�ËYZ Ð À�t9r�ruqs�°o+~�kmt9x�±�qs~ � qsqsx��vo+r�k°o+±h�mqcl'��r�t9�²Â�t3�Fqs��±�qsr�à�¯A°A¯w~ut�Év�h����Þ¤«=à�¯A¯��

H?I�KJM,NPO RUTVKLM,NPO HJt}c cedCfhgjiGdPNPk c�d*fnm�OhM*p vGc�IJx�K
H?I�KJM,NPO X · � � ¡<¡<è � � î<�tX � � �.�o¡ � � î   � � � �oî.�
RUTVKLM,NPO · � � ¡<¡<è X � �Ô  î   � � �.¶o� � � �oî�X · � � �<��X
H?t=c � � î.�tX � ��  î   X � � XAèkè � � îkî�X � ��  ¶kÛ
ced*fogjiGdCNPk � � �.�k¡ � � �.¶k� � � X#è<è X � �Ô  ¡<¡ � � �<�<¡
ced*f.muOoM�p � � î   � � � �kî�X � � îkî�X � �Ô  ¡k¡ X � � ¶kÛ<�
vwc�IJx�K � � �oî.� · � � �.��X � �Ô  ¶kÛ � � �<�k¡ � � ¶oÛ<� X

{ eh_ Ø�Ë[_ Ð À�t9r�ruqs�°o+~�kmt9x�±�qs~ � qcqsx��vo+r�k°o+±h�mqcl¬of��~uqsr-Év�h���V�È«Và�¯A¯��
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• ¹�wtp �vp���u'j���p�z��5~�p j���p��k��nvw�p+j�p ��p uvu1�5n?lxnv����uvp�h�qS����n:���=ho��nv�<�Bqa��~�p �®�Cõ�z<p j������Dp���j.n:�v��~t��� p
hojSp�Ä��<�<p�j��<��u&�=hk��nv�<����j%n:w�pDuvwt�<�1n��:h�n:pDqa��~�p ���5j�nvw�p�³y�vu1n�r\p �1����~B�k��n����5����j��kn&{��v�5j���qT�t��w
u1��j���pk��~��tp�n:��n:wtp�u1nv�v�<j��x� �k�v�vp��0h�n:���kjB�on:w�p�u1w��<�	n��vhon:pK�D�<�t��~)p�uvuvp�j�n:��hk�5�5l�{\p�p�����hk��n:��n:w�hon
p�Ä��<�<p jt�<��uD�=hk��n:�<��������n:w?�1��u1nKu1�<qap�²��5j�~£�o�I���<j�u1n:hkj�nKqS����n:�5r����5� hon:�óz<p��=hk��nv�<� ��ëKnK�5p#hku	n��Dp
� hkj}u:hAlºnvwyhonx�Q�v�<q n:wtp uvps~yh�n�ht�I�Dpa�#hkjtj��kn%��u1ps��jtíyhon:�5�<jØ�<���Q�<�vp����<jØp�Ä���wyhkj��kpP�:h�n:pshku
�=ho��n:�k�vu��o��hTqT�t�5n:���Qhk��n:�<�Dqa��~�p �®���

• ¹�wtp �vpeuvp p�qsu)n:�m{\peqs�k�vp*nvwyhkj-hAq�z���u1��{��5p�qP{��vp hk²Ç��jÇn:w�pe~yh�n�hº��w�p jïnvw�peuvw��k�1ns�vhon:p
hor�r��v�<hk��wtp ua¸�p �1���Â¹�w�p�ò'çFÙ�¥�Ú �:h�n:p7�1��u1na�5���k²�u)�5��²kp£�5nT��uTj��ona�<{\p�l���j��mhkj�l3�v���5pchkj�l
qa�<�1pP�Q�5n���u�j��kn!p�z<p ji� ���kuvp ��l£�Q�<���5�A���5j��Tnvw�pí�����nv�yhon:�5�<j�u��o�&n:w�p� p�j�nv�:hk�I{yhkjt²\Ü�u!��j�nvp �1p u1n
�vhon:p ¢ �
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ñ ���-�Dp��Dhkj�n�n:�p u	n�hk{��5��u1wanvw�p!Ãyp�l�j�qshkjn-�êxhk���vp�r��vp�uvp�j�n�h�n:���kjº�Q�<��{�hk��²��Dhk�v~£ê!�<�5qs�k�<�k�v�Az
p ���yh�n:���kj ¢ houvuv�����0honvp ~i���5nvwÂ� ¡<¢ ��¹C�£~��Pn:wyh�n#�|��p�n���u��vp��#hk�5�Cnvwyhon!n:w�p�ç@ne¿P�Q�k�vqS���0hT���5nvwV�1��qar�u
hkr�rt����p�~*nv�

r
�Quvp�pk�y�Q�<��p�Äthkqsrt��pk�yé!�,�apk�|  �<��X ��rµ� ¡kî<è.¢ ��u��<��z<p jc{�l

f(rt) = f(r0) +

∫ t

0

f ′(rs−)drs +
1

2

∫ t

0

f ′′(rs)σ
21{rs−>0}ds

+
∑

0<s≤t

[f(rs) − f(rs−) − f ′(rs−)(rs − rs−)]

= f(r0) +

∫ t

0

f ′(rs−)drs +
1

2

∫ t

0

f ′′(rs)σ
21{rs−>0}ds

+

∫ t

0

∫ ∞

0

[f(rs− + x) − f(rs−) − f ′(rs−)x]1{rs−=0}µ(dx, ds)

�Q�<��hkj.l
f : R → R

nF���5� px���<j�nv��j����<��u1�5l£~���¤µp��vp�j�n:��hk{��5pk�
ñ ���ä��p�� hkji~�p��v��z<pn:wtpn:p��vq u1nv�v����n:���vp%p ���yh�n:���kj�hou!�5jB�y�Q�<����j�u	n�hkjt� pk�|Ù¾��À<�v²m� XA�<�kè.¢ �²�}p

hku1uv��qapn:w�hon�n:wtp �vp%hk�vp{\�<j�~tu��Q�<��u1p�z<p��:hk�CqPhonv���v��n:��p u��5jenvw�p%qshk�1²kp�n#�D¹�w�p%r��v�5� p%hon�n:��qap
t
�k�

n:wtp~t��uv���<��j.n�{\�<j�~eqshon:�t�v��jt�)hon�n:�5qsp
T

�
T
·?{\�kj�~B�t�Q�<��uvwt�<�1n ¢ �#hkje{\px�vp����v��nvn:p�j�hku

P (rt, Zt, T − t) =: fT (t, rt, Zt),

��w�p��vp�Dp%hku1uv��qapxn:wyh�n
f

�5u�hau1qs���on:wc�Q��j���n:�5�<je�k�&�5nvu ¡ z�hk�v��hk{��5p u �yhkj�~
T

��u����<j�u1��~�p��vp ~ihku!h
ryhk�vhkqap�n:p�� �

Ãy�1�<q n:w�pPç@ne¿i�Q�<�1qS���0h}�=uv�5���<w.n:��lØqa�<�1pP�kp j�p��:hk��n:wyhoj3nvwyhonTho{|�Az<p ¢ ���Dp£�<p�n�n:w�ps�Q�<���5�A���5j��
r��1��� p�~tl�jyhkqa����u��Q�k�Kn:w�p

T
·@{\�<j�~BÈ

dfT = αT (t, rt, Zt)dt +

∫ ∞

0

γT (t, rt, Zt, x)λ(Zt)G(Zt, dx)dt + dMt,

��w�p��vp

Mt :=

∫ t

0

σT (s, rs, Zs)dWs +

∫ t

0

∫ ∞

0

γT (t, rs−, Zs−, x)(µ(dx, ds) − ν(dx, ds))

hkj�~

αT (t, r, Z) = fT
t + 1{r>0}[κ(θ − r)fT

r +
1

2
σ2fT

rr] + 1{r=0}f
T
Z ,

σT (t, r, Z) = 1{r>0}σfT
r ,

γT (t, r, Z, x) = 1{r=0}[f
T (t, x, 0) − fT (t, 0, Z)].

�!p��vp!n:wtp�uv��{tuv� �1��rtnvu
t
hoj�~

r
~tp j��on:p�ryhk�1nv�0ho�W~�p��v�5z�hon:��z<p u����5nvwP�vp u1r\p ��n�nv�%n:w�p!³��vu1nKhkj�~£u1p ���<j�~

zoho�v�0ho{���p%�vp�uvr\p ��n:��z<p �5lk�Ihkj�~��Q��j���n:���kj�u�hk�vpSp�zohk�5�yhonvp ~Øhon�r\�<�5j�n
(t, r, Z)

��j��5p u1u��kn:w�p��1���5uvpSuvr\p�·
� ��³yp ~µ�

�}p�j��A� hor�r���lSn:w�p�ç@n�¿�Q�k�vqS���0h�nv�
e−

∫ t

0
rsdsP (rt, Zt, T − t)

��wt����wsuvw��<�t��~a{\p!hqshk�1nv��j��<hk��p
��j�~tp ���k������w��<�5� p��k��nvw�px�vp��Qp��vp�j�� pqsp hkuv�t�vpk�w�}px��u1pxn:w�p��=hk��n�nvwyhon

d(e−
∫ t

0
rsds) = −rte

−
∫ t

0
rsdsdt,

X  



hkj�~c��p�<p�n�{.l*~����1p ��n�� �kqsr���n�honv���<j£nvwyhon

d(e−
∫ t

0
rsdsP (rt, Zt, T − t)) = d(e−

∫ t

0
rsds)fT + e−

∫ t

0
rsdsdfT

= −rte
−

∫ t

0
rsdsfT dt + e−

∫ t

0
rsdsdfT

= e−
∫ t

0
rsds[−rtf

T dt + dfT ].

Ãy�k�
e−

∫ t

0
rsdsP (rt, Zt, T − t)

n:�S{\p�h�qshk�1nv��jt�.hk��pk�.n:w�p
dt

·On:p �1q �<{tn�ho��j�p�~£�5jsn:w�p�p�Ä�r��1p u1uv���<j
hk{\�Az<p�{.l-u1��{�u	n:�5nv�tn:�5�<j-�k��nvw�p�u	n:����wyhku	n:���i~���¤µp��vp�j�nv�0hk�

dfT
qS��u1nP{\p�p�����hk�!n:�¦¸ p��v��� ¹�w���u��

�Dpºhk�v�1�5z<p�nv�3nvw�p�� �kj�� �5��uv�5�<j-n:wyh�n£nvw�pi�Q��j���n:�5�<j
fT (t, r, Z)

u:hon:�5u1³yp�uPn:w�pi�Q�<�5�5�����5j��}ryho�1n:��hk�
��j.n:p��<�v��·?~���¤µp��vp�j�nv�0ho�|p ���yhonv���<jBÈ

−rfT + fT
t + 1{r>0}[κ(θ − r)fT

r +
1

2
σ2fT

rr] + 1{r=0}f
T
Z

+ 1{r=0}λ(Z)

∫ ∞

0

[fT (t, x, 0) − fT (t, 0, Z)]G(Z, dx) = 0,
� î�¢

���5nvwcnvw�phku1uv��� ��hon:p�~e{\�<��j�~yho�1l*� �kj�~���n:���kjeh�n
T

fT (T, r, Z) = 1.
� ¶<¢

��jt�Q�<�	n:��jyh�n:p ��l<�|hkjºhojyhk�5l�nv���#ho�Iuv�k���tnv���<jenv�sn:w�pShk{\�Az<p�p ���yhonv���<jÇ� î.¢ -µ� ¶<¢ �5u!~��!�s�����5n�n:�P�<{�·
n�ho��jB� ¹�w�pi~��!�a� ����nFlÂ���5p u)��jÅn:w�pe�=hk��nan:wyhonan:w�p�~��<qshk�5jï�o��~�p�³�j��5nv���<jï�o��n:w�p�{\�<j�~-r��v�5� �5j��
�Q��j���n:�5�<jc��u�h)jt�<j�·?u	n�hkjt~yhk�v~c�<j�pkÈLnvw�px��j��5�<jc�k�Cn:w�p�n?�D�a�<�	n:w��<�k�<jyhk�µuvp�qs�ó·?�5jt³yj���nvp��vp���n:hkj��<�5p u

Θ1 = {(t, r, Z) : 0 ≤ t ≤ T, r > 0, Z = 0}
hkj�~

Θ2 = {(t, r, Z) : 0 ≤ t ≤ T, r = 0, Z ≥ 0}.
¹�w�pm{\�<j�~ r��1����pmu1w��<���5~ {\pm���<j.n:��j����<��uehkj�~ �Dpmuvwyhk�5��nv�1l n:�Â³yj�~ nvw�pØ�Q��j���n:�5�<j ��w�����w �5u
� �kj�n:�5j��t�<��u��5j�� �5��~��5j��Sn:wtp��1�<��j.n�{\�k��j�~yhk�	l

Σ = {(t, r, Z) : 0 ≤ t ≤ T, r = 0, Z = 0}.
�}pK� hkjSuv�<��z<p�n:wtpKp����yhon:�5�<jS�5j�~�p�r\p j�~�p�j�nv�5l%�<jSp hk��wT�k��n:w�p�nF�����vp���n�hoj��<��p�u����5nvw��<�tn&�5qsr\�<u1��jt��h
{\�<��jt~yhk�1lx���<j�~���n:���kj�<j

Σ
{��tn�qPh�n:��wnvw�p q w�p��vpk�*�}p�uvwyho���.p qar����Alxh�³yj��5nvp�~���¤µp��vp�j�� p�qsp�n:w���~

�<j
Θ1

�\n:w�p*�=p�Äthk��n ¢ qap�nvw���~��k�L��wyhk�:ho��n:p��v�5u1n:�5� u!�<j
Θ2

�Bhkjt~in:w�p�jØhs³�Ätp�~Ør\�k��j�n�hk���k�<�v��nvw�q n:�
u:h�n:��u	�ÀlPn:w�px� �kj�n:�5j��t�5n?l£���<j�~���n:�5�<j*�<j

Σ
�

ñ �kn:p!nvwyhon�hon�n:w��5uDu1n:hk�<p!�Dp�j�p�p ~£n:�Su1r\p � ���Àl
λs(Zs)

hoj�~*�k�5z<p�hoj*p�Ä�r����5� �5n�p�Ätrt�vp u1uv���<j*�k�I��n#�
�}pu1wyhk�5�'hkuvu1��qap�5j*n:w�pxj�p�Ä�n!uvp���nv���<jcnvwyhon

λ
�5u��k��nvw�p��Q�<�vq

λ(z) = α + βγzγ−1,
� Û.¢

��w�p��vp
α

hkj�~
β

hk�1p�r\�<uv��n:�5z<p+���<j�u	n�hkj.n:u �<hkjt~
γ
��uCh�� �<jtu1n�hoj�n&�k�vp#h�n:p �Invwyhkj X ��§k�tqsr%�5j�nvp �:ho�v�v��zohk�

n:�5qsp�uKhk�vp�p�Ä�r\�<j�p j.n:��hk����ls~��5u1nv�v��{t�tn:p�~*�5�Choj�~c�kj��5ls�5�
λ

��uD� �<j�u	n�hkj.n%�=�®�Rpo�
γ = 1

�<�
β = 0

¢ ��¹�w�p
�#houvp

α = 0
� �k�v�vp�uvr\�<j�~tu£n:�}n:wtpÁ�}p���{����5��~��5u1nv�v��{t�tn:�5�<jÅ��wt����w �DhkuPnvw�pi�<j�pi���<j�uv�5~�p��vp ~ {.l

gihk�1��qa�)p�n!hk�®�'�O  �<�k¡.¢ hoj�~c��w��5��we��u��o��hS�Q�vp ����p�j�n!��u1p��jcqshkj.l£�vp�����hk{��5�5�ón?l£hkrtr����5�#honv�5�<j�u��

XA¡



Â ÃÄ;If�[%Å ÆÅf�[*f�]P�Ç@ f�Èr�K^*��[cd��Ç� �K]C�c_a`É;

ç?j*n:w��5uKuvp���n:�5�<j*��pxu1nv��~tlPn:w�p�� hkuvp���w�p j
λ

�5uK�k�In:w�p��Q�<�1q �<��z<p j*��jm� Û.¢ hkj�~*nvw�p �1px�5uK�<j���lP�<jtp
r\�<u1uv��{t��pG�1��qarsuv��¸�p

J0
�L�!�A�Dp�z<p�� ��n:wtp!u:hkqap!qap�nvw���~s�#hkjP{\p!��uvp�~P�Q�<��hkj.la��j.n:p �k�:hk{��5p��Q��j���n:�5�<j

λ
�k�

Z
hkj�~�hkj.l*~��5uv���vp�nvpk��³yj���n:p�uvr\p ��n:�1��q �k�&r\�kuvuv�5{���p²�1��qarcuv�5¸ p�u �

Ãy�1�<q6n:wtp!�Q�k�vq �k�Bp ���yhonv���<j�� î�¢ -�� ¶<¢ ���5n�u1p p�qsuDj�hon:���vhk�yn:�Shouvuv�tqsp�n:w�hon
fT

��u��k�µn:w�p��Q�<�vq

fT (t, r, Z) = 1{r>0}g(t, r) + 1{r=0}h(t, Z),

��w�p��vp
g
hkj�~

h
hk�vp�uv�<�5�tn:�5�<j�uK�k��nvw�p��Q�<���5�A���5j��Sp ���yhonv���<jtu%� �<¢ hkjt~¦� è.¢ �vp�uvr\p���n:��z<p ��l\È

{

−rg + gt + [κ(θ − r)gr + 1
2
σ2grr] = 0,

g(T, r) = 1,

� �k¢

hkj�~
{

ht + hZ − λ(Z)h + λ(Z)g(t, J0) = 0,

h(T, Z) = 1,

� è<¢

���5nvwcnvw�phk~�~t�5n:�5�<jyhk�|qshon:��w��5j��T� �<jt~��5nv���<j

lim
r→0

g(t, r) = h(t, 0).
� �.¢

õL���yhonv���<jÅ� è<¢ ��u�u1��qar���pn:�*uv�k�5z<pk�Br��v�Az���~�p�~º�Dp)hk���1p#hk~�li²�j��A�6hkjØp�Ä�r��vp�uvuv�5�<jØ�Q�<�
g(., J0)

�
�}p%�#hoji��u1pn:w�pqsp�n:w���~��o����w�hk�:hk��n:p��v��u	n:�5� u �KÃ&���1u1n��Dp%�5j�nv�v��~�����pxn:w�p~���qaq�l£zohk�1�0ho{���p

s
hkjt~

�Dp����v��n:p
dh

ds
=

dt

ds
ht +

dZ

ds
hZ .

ñ p�Ä�n#�I�Dpa�5~�p j.n:���Àlinvw�p)� ��p<�a����p�j�n:u�k��n:w�pahk{\�Az<pap�����hon:�5�<jØ����n:wØnvw��<u1pa�k��p ���yhonv���<jï� è.¢ ���}p
�<p�n

dt

ds
= 1,

dZ

ds
= 1,

dh

ds
= λ(Z)h − λ(Z)g(t, J0).

�}p%ho��u1�)�vp����v�5nvp�nvw�px{\�<��j�~yho�1l*� �kj�~��5nv���<jchou

t(0, u) = T,

Z(0, u) = u, u ∈ [0,∞),

h(0, u) = 1.

X#î



Ãy�1�<q n:w�p�uvp%p ���yhonv���<j�u��W�Dp%� hkji�5qsqap�~���honvp ��lP�<p�n�hkj�p�Ä�r��1p u1uv���<j��Q�<�
t
hkj�~

Z
�y�Q��j���n:���kj��k�

(s, u)
�yhku��Q�<�5���A��u È

t(s, u) = T + s,
� XA�.¢

Z(s, u) = u + s.
� X<X�¢

¹�wtpp ���yh�n:���kjc�Q�<�
h(s, u)

{\p ���<qap u

dh

ds
= λ(u + s)h − λ(u + s)g(T + s, J0),

��w��5��wewyhou�nvw�p��Q�<�5���A���5j��Suv�<�5�tn:�5�<jBÈ

h(s, u) = e
∫ s

0
λ(u+x)dx

(

−
∫ s

0

λ(u + v)g(T + v, J0)

e
∫ v

0
λ(u+y)dy

dv + K

)

,

��w�p��vp
K = K(T )

�5u%he� �<j�u	n�hkj.n%n:wyh�n%qPh#lØ�kj��5lº~�p r\p�j�~3�<j}nvw�psryho�:hkqap�nvp �
T

hkj�~}�#hkj¦{\p
p�z�hk����hon:p�~c�Q�v�<q nvw�px{\�<��j�~�hk�1l*���<j�~���n:���kjB�+���5j�� p

h(0, u) = 1
����p���<j�� �5��~�p�n:w�hon

K = 1
�

ñ ��� �Dphkuvu1��qsp�nvwyhon
λ(Z)

��u��k�Cn:w�p��Q�k�vq �<��z<p je�5j}� Û.¢ �+õL����hon:�5�<j¦� î�¢ {\p ���<qsp�u

h(s, u) = eαs+β[(s+u)γ−uγ ]

(

−
∫ s

0

[α + βγ(u + v)γ−1]g(T + v, J0)

eαv+β[(v+u)γ−uγ ]
dv + 1

)

.

ñ �kn:p�nvwyhon��DpT� hkjØ�kp�nxhkj�p�Ä�r��vp�uvuv�5�<jØ�k�
h

�Q��j���n:���kjº�k�Ln:w�pS�<�1���<�5jyhk�'zoho�v�0ho{���p�u
(t, Z)

�Ù�l
��u1��j��e� XA�.¢ hoj�~}� X<XA¢ ��n:wtpx��wyhkjt�<px�o�Czohk�1�0hk{t��p

w = v + T
hkj�~eho�Ànvp �Kuv��qar��5��³y� hon:�5�kjB����px�<{tn:hk��j

h(t, Z) =
eβZγ

eα(T−t)

(

1

eβ(Z+T−t)γ +

∫ T

t

eα(T−w)

eβ(Z+w−t)γ [α + βγ(Z + w − t)γ−1]g(w, J0)dw

)

.
� X   ¢

ñ �kn:p�n:wyhon&p�����hon:�5�<jc� X   ¢ �5qsrt����p uIn:w�hon��5j%n:wtpK� hkuvp
β = 0

�k�O��pk�C�Q�k�Cn:w�pDqa��~�p ������n:w�� �kj�u1n�hoj�n

λ
��n:w�p�{\�<j�~£r��1����p!nvp j�~�uDnv�S{\p�� �kj�u1n:hkj�nx�=p����yhk�\n:� X�¢ hku

λ
n:p jt~�uDn:� � �Q�O��pk�&��w�p�j£n:w�p�hAz<p��:ho�<p

n:�5qsp��o�&u	n�hAlch�n � n:p�j�~�u�nv� ∞ ¢ �
�}p�Khkj.n�nv�P��uvpSha³�j��5nvp%~���¤µp��vp�j�� p�qap�nvw���~�nv�Puv�<��z<p£� �<¢ �}�}p�~�p�³yj�pShsqsp�uvw

(gj
i )0≤i,j≤Nuv�t��wen:w�hon��Q�<��hk���

i, j

gj
i − gj

i−1 = δt

hkj�~

gj
i − gj−1

i = δr,

��w�p��vp
Nδt = T

hkj�~
δr

��uK��w��kuvp jeu1����wcn:wyh�n
J0/(δr) = P

��u�hojc�5j�nvp �<p�� ������n:w
M

Á���ÊË"�¾O¼�¬yâ=àáã
�0ho�v�<p��µn:w�hkj

P
�C�}p+� hkjxnvw�p j�1p����1�5n:pLp�����hon:�5�<js� è.¢ ��uv�5j���uv�kqsp�³�j��5nvpL~��5¤|p �1p j���p�hkr�rt�v�AÄ��5qPhonv�5�<j

��jtu1n:p hk~��k�tn:w�p�~�p��v��zohonv�5z<p u��<hkjt~�nv�1l�n:�!uv�<��z<p��5nC{yhk��².�Khk�v~S�5jn:��qapo��u1n�hk�	n:�5j����Q�1�<qän:w�p�{\�<�tj�~yhk�	l
� �kj�~��5nv���kj

gj
N = 1.

¹�wtp%hk�5�<�<�v��nvw�q �#hkje{\p����v��nvn:p�j�hkuK�Q�<���5�A��u È
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X ��¹�hk²kphkj�hk�1{��5nv�:hk�	lP{\�<��j�~yho�1l*� �kj�~��5nv���kjehon
r = 0 å

 ��1��uvpah£³yj���n:pT~t�5¤|p �1p j���p)qsp�n:w���~ºnv�*³yj�~
g

�<jºn:w�pTj���~�p ux�k���k����qap uvwØ��uv�5j��*nvw�p)�5���Dp��
{\�k��j�~yhk�	l%� �<jt~��5nv���<j%�<��z<p jS�5jT��nvp r X hon

r = 0
�<hku��Dp�����hku�n:w�pD��u1�yhk��{\�<��jt~yhk�1l%���<j�~���n:�5�<j

h�n
t = T å
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Yield curve after 30 iterations

Initial assumption for the yield curve
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Yield curve when the initial short rate is 0
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Yield curve after 30 iterations

Initial assumption for the yield curve
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