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Abstract

We show that for a local martingale S the equivalent martingale measures
with bounded densities are norm-dense in the set of equivalent martingale
measures.

1 Main results

We show that for a local martingale S, the equivalent martingale measures with
bounded densities are dense in the set of all equivalent martingale measures (in the
total variation topology). To our knowledge, in spite of several attempts, a complete
proof of this natural and useful property announced in [8] is still not available. In
contrast to the approach of [12] trying to use rather delicate duality results for
semimartingales, our arguments are based on a direct approximation and rely upon
the same technology as in [6] and [10] and which goes back to the proof of the no-
arbitrage criteria in [4]. They work without any changes for a slightly more general
type of processes, namely, for o-martingales and o-supermartingales (see Section 5).

Let S = (S;)ier, be a d-dimensional semimartingale defined on a stochastic basis
(Q,F,F = (F), P). We assume that the initial o-algebra Fy is trivial.

Recall that S is a o-martingale (notation: S € %,,(P)) if there is a predictable
process GG with values in ]0, 1] such that the integral G - S is a local martingale (in
this case one can do better and find G for which G- S is a martingale). This concept,
extending the notion of local martingale, was introduced in [1] and investigated in
details in [5]. Its importance for mathematical finance was discovered in [3]. In our
analysis we shall use a simple characterization of o-martingales suggested in [10].

Let Q7 :={Q ~P: S€X,(Q)}and let Qf :={Q € Q7 : dQ/dP € L*}.

Theorem 1.1 If S € %,,(P), then the set QF is dense in Q7 in the total variation
topology.



Notice that the total variation distance on Q¢ coincides with the L!-distance
between the densities.

If S is a local martingale with respect to P then S remains a local martingale
with respect to all measures in Qf (see n.2 of Section 2) and hence we have

Corollary 1.2 IfS € M,,.(P) then QF is dense in Q :={Q ~ P: S € M;,(Q)}.
If P,Q € Q° then the measure Q° :=ecP + (1 — £)Q, € €]0, 1], is also in Q7 and
e <dQ/dP < e+ (1 —¢)dQ/dP.
Since ) converges to P as € — 0, we can replace Q7 in the above statements by

Qp ={Q € Q7 : dQ/dP € L*, dP/dQ € L*}.

In the general case, when the reference probability P is arbitrary, it is often
asked, whether the equivalent martingale measures with densities satisfying a certain
integrability condition (e.g. with bounded entropy), are dense in the set of all
equivalent martingale measures. The following corollary of Theorem 1.1 provides an
answer useful in various applications.

Let ¢ : ]0,00[— R be a measurable function and let
Q, ={Q € Q7 : Ep(dQ/dP) < co}.
Corollary 1.3 Assume that ¢ is such that for every ¢,z > 0

p(cr) <ri(e)p(r) +ra(e)(z + 1),

where r; are increasing positive functions. If the set QF # (0, then it is dense in Q°.

Proof. Let P € Q7. Take an arbitrary measure () € Q7. By the above theorem

there exists a sequence Q" € Q7 converging to ) such that each density dQ"/ dP is
bounded by a constant c¢,. We have:

Q" dQ" dP dP
Eyp < dCIQD ) = Ep < dC]gS dP) <ri(cy)Eyp (dP) + 2ry(cp) < 0.

Hence Q™ € Qg and the result follows. O
Typically, p(z) = 2P, p > 0, or ¢(x) = z(Inx)*. In particular, if non-empty, the
set Q7. of o-martingale measures with finite entropy is dense in Q7.

Corollary 1.4 Assume that Q7 # () where the function ¢ satisfies the hypothesis
of Corollary 1.3. Let & be a random variable bounded from below. Then

sup E9¢ = sup E@¢. (1)
QeQr° QeQg



Proof. It is sufficient to check that for any ) € Q7 we have the inequality

B < sup EC¢. (2)
QeQg

In virtue of Corollary 1.3 there is a sequence R, € QF, converging to ). Hence for
every m € N

E9(EAm) = lim Ef" (¢ Am) < sup E9.
The inequality (2) follows by monotone convergence. O

For p(x) = z(lnxz)™ the assertions of Corollaries 1.3 and 1.4 coincide with those
of Lemma 7 and Corollary 12 of [2], which were proved under the assumption on
continuity of all martingales. This extension allows us to remove this restrictive
hypothesis also in Proposition 11 of [2] on risk-averse asymptotics in a problem of
exponential utility maximization.

2 Preliminaries from stochastic calculus

1. Before the proof we recall notations and basic facts on the canonical decomposi-
tion and the Girsanov theorem for semimartingales (see [9] for details).

Let (B,C,v) be the triplet of predictable characteristics of an n-dimensional
semimartingale X corresponding to the truncation function h(z) := xlfz<1y. Let
h :=x — h. Then X can be written in the so-called canonical form

X=X4hx(p—v)+h*u+B,

which is nothing but a generalization of the Lévy representation for processes with
independent increments. Recall that v is the compensator of the jump measure p of
X. The process h* p represents the sum of “large” jumps. The remaining part of X
is a special semimartingale which can be uniquely decomposed in a continuous local
martingale X, a purely discontinuous local martingale h * (1 — v) (of compensated
jumps), and a predictable process of bounded variation B. The matrix-valued pro-
cess C' = (X°€) is the quadratic variation of the continuous martingale components.

For each w the measure v(w, dt,dx) on the product space can be desintegrated,

i.e. represented as
v(w,dt,dr) = dAy(w) K, +(dx).

The predictable characteristics being defined up to P-null sets, there is enough
freedom to do this in a measurable way. One can always work a “good” version of
the triplet, assuming without loss of generality that v is of the above form where A
is a predictable increasing cadlag process while K, ;(dz) is a transition kernel from
(Q x Ry, P) into (R", B") with K({0}) =0 and

[ A Kedr) < oo
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Moreover, A can be chosen to ensure the following properties (see [9], 11.2.9):
B=b-A C=c-A,

where b and c are predictable;

if AA;(w) > 0 then AA;(w)K,(R™) <1 and b(w) = [ h(x) K, +(dz).

Let m(dw, dt) := P(dw)dA,(w). The notations P := P®B" and a; := v({t},R")
are standard. We write K, (Y") instead of [ Y () K, (dx) and omit often w, ¢. Using
this abbreviation we put 0 := K(|z|* A |z|).

2. A semimartingale X is a local martingale if and only if the following two
conditions hold:

(a) (|z]* A |x]) * vy < oo for all ¢;

(b) B+hxv=0.

The corresponding characterization of o-martingales is as follows:

X € X, (P) (with1/G:=1+0) < 0 < oo and b+ K(h) =0 m-a.e.

_ Since the process (|z|* A1)+ v is always finite, (a) holds if and only if the process
|h| * v is finite (i.e. S is locally integrable). The condition (b) (which means that
— B is the compensator of large jumps of X) can be rewritten as

(b+ K(h))-A=0.

This makes clear the difference between a local martingale and a o-martingale: the
compensation property on the level of intensities holds for both but for the latter the
integral h * v may not be defined. If X € ¥,, is locally integrable then X € M,,..

3. Let P’ ~ P and let Z° be the density process of P° with respect to P. The
general Girsanov theorem [9], I11.3.24, in connection with [9], IIL.5.7, provides the
existence of a predictable R™-valued process 4° and a strictly positive P-measurable
function Y® = Y°(w, ¢, z) such that

Hao(8,Y°) = B A+ (1= VY w4 (VT =t = 1= 70 < ox,

s>0
{0<a<1}={0<Y° <1}, {a=1} = {Y° =1} where
V0= K(Y)AA,
and the triplet of predictable characteristics (B°, C?,1°) under P has the form:
B'=B+¢8" - A+ K(h(Y°—1))- A,
c'=0, =YY%
The function Y can be calculated as a kind of conditional expectation:
YO =MP(Z2°/Z°|P),
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where Mi means the average with respect to pu(w, dt, dx)P(dw). The process [ is
any predictable solution of the (vector) equation

cB-A=(1/2°-(Z°, X°).
In virtue of the above criteria, X € %(P?) if and only if
K((|2* A |2))Y?) < 00, m-a.s. (3)
B+ K(Y’'—1)=0 m-as. (4)

4. Let P! be another measure equivalent to P. It is well-known that for any
pair of probability measures there exists a predictable increasing process h(P°, P!)
starting from zero such that for any stopping time 7

||P? — P!| < 4y/EOh. (PO, PY).

In our case this so-called Hellinger process has the following structure, see [11].
Let the martingales Z¢ be the density processes of P! with respect to P. Then

h(P°, P') = ;<MOC — M), + ;K((\/ﬁ —VY9)?) . 4,

Hy ST T T

s<t

where M® := (1/2%) - Z' (hence M = (1/Z") - Z°).

3 Proof of Theorem 1.1

Let P° € Q° and let Z° be the density process of the measure P° with respect to
P. We shall work with the semimartingale X = (S, Z°) taking values in R™ where
n=d+ 1.

We shall denote by 7 the natural projection on the first d coordinates.

The semimartingale X can be represented as follows:

S = Sy+5°+ W(I)I{mgl} * (,LL — V) + W(JI)I{|QC|>1} * U+ 7T(B),
7% = 1+ 2%+ 2% % (p—v).

Since S € ¥,,(P) and Z° is a martingale we have m-a.e. that K(|z|*> A|z|) < co and
K(2Ljjap>1y) = —b.

The idea of the proof is to approximate P° by a measure P! with bounded Y
close enough to Y and preserving the “compensation” property (4).
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Since S € %,,(P°) we can add to the usual integrability conditions
0" := K((|lz|> A1)YY) < 00, m-a.e.,

K((1-VY%?) <00, m-ae.,
the following one:

K((J7(@)* A |n(2)))Y?) < 00, m-a.e.

Remark 3.1 The integrability of functions |z[*A|z|, (Jz[*A|z|)Y?, (1—vY?)? with
respect to K implies the integrability of |z||Y® — 1|. Moreover, if K is finite, then
Y is also integrable. We leave this easy exercise to the reader.

Let Y be the set of functions Y > 0, Y € C(R"); Y with its Borel o-algebra Y
is a Lusin space.

Let 6 = (;) be a strictly positive predictable process such that § - Ay, < €.
For every (w,t) we consider in Y the convex subsets

Lo = {Y: Ku(VY = YOw,1)%) < 8w},

2, = {YV: Ko (Y = Dr(2) = Kou(YO(w, t) — D7(2))},
L2y = AV L0 Kui(Y) = oy wy>01 Kot (YO (w, 1))}

Put
Loe=TL,NT2, NI,

In virtue of Lemma 4.1, these subsets are non-empty m-a.e. and hence, by the
measurable selection theorem, there is a predictable Y-valued process Y'(w,t, )
such that Y'(w,t,.) € I',; m-a.e. Being continuous in variable z, the function

(w,t,2) = Y'(w,t,x)

is P-measurable.
Take 7y :=inf{t : H, > N}, where

H, = ;<M00)t + ;K(l — VY02 A+ ; S (VT =a, — /1 - Y92

s<t
Then H,;, < N +1. Let
Yi(w,t,2) =Y (w0, t, 2) gy wei<ey T Ly e)lisn
where ||| is the uniform norm. Choose r = rx large enough to ensure the inequality

E°Iyjsry - Hey <.



Define the process Z (depending on N) as the solution of the linear equation

yr—1
1—a

Z =1+ ZI{HY’HST} M+ 7 (YT -1+ 1{a<1}> * (,u — l/).
It is a strictly positive local martingale which is locally bounded. Let us consider
the localizing sequence 7y, = inf{t : Z; > n}. We put oy, := 75 A Ty, and
define the probability measure P! := Z,, P equivalent to P. It is obvious that
S € X, (P).

Choose n and N large enough to have

1P~ P2 || = B|Z% - 20, | <e.

Since
1P = P < |IP = PO, NI+ 1P2,,, =PI < & 4 4y/EVhe,, (P PY)
and
E’hg,  (P', P%) < 2,

we conclude that P° can be arbitrary close approximated by measures from Q° with
bounded densities. O

4 Key lemma

Let K be a measure on R™ such that K ({0}) = 0 and
K (|z]* Aal) < oo. ()
We introduce the set U of strictly positive Borel functions on R™ such that:
K((|z>A1)Y) < oo, (6)
E((|r(@)* Aln(2))Y) < oo, (7)
K((1-VY)?) < 0. (8)
Let Uy := UNC(R").
Lemma 4.1 Let Y° € U and 6 > 0. Then there exists Y € U, with
K((VY = VY0?) < 9)

and such that
K((Y = )r(z)) = K((Y* = 1) (2)). (10)

Moreover, if K is finite, Y can be chosen to satisfy the equality K(Y) = K(YY).
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Proof. Let G be the set of Y € U satisfying (9) and let Gy := G N C(R"). Let
¢ : R"™ — RP be a Borel function such that

K(1=Yl||¢|]) <o VY €U. (11)
We show that there exists Y € GGy such that
E((Y =1)¢) = K((Y" — 1)¢). (12)

This claim implies the assertion of the lemma because the integrability property
(11) holds for ¢ = 7 and, in the case of finite K, for the mapping ¢ : R"™ — R”
with ¢'(z) = 2%, i <n —1, ¢"(z) = 1, see Remark 3.1.

Notice that (12) is a system of linear equations and we can exclude from con-
sideration any equation which is a linear combinations of the others. So, we may
assume without loss of generality that the components of the function (Y —1)¢ are
linearly independent as elements of the vector space L'(K).

Since G and G are convex, their images under the affine mapping

O Y = K(Y -Y%9)

are convex sets in R?. Our claim can be reformulated as 0 € ®(Gj). We prove that
0 € 11 ®(Gy) by checking the following two properties:

(a) 0 € ri®(G),

(b) ®(Gp) is a dense subset of ®(G) and hence ri ®(Gy) = ri (G).

(The last equality is due to the following simple fact: if A and B are convex sets
in R? and B is dense in A then their relative interiors coincide, see, e.g., Proposition
[1.2.1.8 in [7].)

Assume that 0 ¢ ri ®(G). Then there exists a linear functional [ # 0 such that

(LEK(Y =Y")¢) >0 VY €q.

Take a strictly positive (K-a.e.) Borel function f < Y° such that K(f) < ¢ (the
requirements are met by the function f = cgY® where

P A
L2 AL

and ¢ > 0 is sufficiently small). For every Borel set A the functions Y := Y% & fI,
belong to G because

(VY = VY02 <Y YO = fI,.

It follows that =K ((l,¢)f14) > 0. Hence (l,¢) = 0 K-a.e. This implies that
(I,(Y° = 1)¢) = 0 K-a.e. in contradiction with the assumed linear independence.
It remains to check (b). First of all, we observe that (11) implies that

K(Y'-Y?3|¢)) <o  YLYZeU.
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Using this property for Y and Y + cg we infer that for every € > 0
K(I{a125)[90]) < o0 (13)

Recall that for any finite measure on R™ an integrable function y can be approx-
imated in L' by a sequence y* € C(R"); if y > 0 then y* can be chosen strictly
positive (replace y* by y* VvV 0+ 1/n).

Fix Y € G. For any r > 0 the measure K, := (1 + |¢[)I{jz>r K is finite and

Y € L}(K,). By the above remarks there is y, € C'(R™) such that y" > 0 and
1Y —yellorir,y <
Since Y € L'(K, 2), there exists ro = ro(r) such that r/2 < ro < r and
K(Liro<jaj<ry (1 +[0))Y) <.

Let ¢, be a continuous function on {z : ry < |z| < r}, equal to unit on {x : |z| = ro},
coinciding with y, on {z : |z| = r}, and such that

K([{ro<|x\<r}(1 + |¢Dg7“) <7

Define
Y, = I{\xlﬁro} + gTI{T0<|$|<T} + I{|z‘>r}yr'

Since

K((Y: = VY)) < K(Iaizry(1 = VY)2) + K (Igpg<iafn (5 + Y)
+K (Ija>n (Ve = VY)?) =0, r—0,
we have
. o 0 2
lim K ((/Y; — VY0)?) <.
Thus, Y, € G, for sufficiently small r.
At last,

0(Y,) = @(Y)| < K(Ijjai<ro}ll = YI9]) + K(Lprg<ial<ry(@r + Y)|0)])
+K (Iasryly- = Yl|¢]) — 0, 7 —0,

and the result follows. O

5 Final comments

We say that a semimartingale S is is a o-supermartingale (notation: S € 3,,(P))
if there is a predictable process G with values in ]0, 1] such that the process G - S
is a supermartingale. Obviously, S € X,,(P) if and only if K(|z|*> A |z|) < co and

b+ K(h) <0 m-a.e.
Let Q7 :={Q ~P: S€%,,(Q)} andlet Qf :={Q € Q7 : dQ/dP € L*}.
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Theorem 5.1 If S € Y,,,(P), then the set QF is dense in Q°.

Our proof of Theorem 1.1 remains literally the same for this result as well. The
formulations of the corollaries can be also extended in a similar way. One can
observe that Theorem 1.1 follows from Theorem 5.1 because S € ¥, (P) if and only
if (S, —95) € Bgup(P).

Let us associate with S the set X’ of processes bounded from below which can be
represented as stochastic integrals H - S. We denote by Q**P the set of probability
measures () ~ P such that every V € X' is a (-supermartingale.

Theorem 1.1 implies the following assertion announced in [12].

Theorem 5.2 Assume that S € %,,(P). Then QF is a dense subset of Q°P.

Indeed, if Q € Q**P then EgV,, < 0 for every V € X. Thus @) belongs to the set
of equivalent separating measures containing Q7 as a dense subset, see [3] and [10].
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